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School on Hodge Theory
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LECTURES ON THE HODGE AND
GROTHENDIECK-HODGE CONJECTURES *

Abstract. An international school on Hodge theory took place at theNZIR Trento, Italy,
from 31 August to 4 September 2009. This paper is based on theminse of five lectures
by Claire Voisin, one of which was given each day and accongubloy a lecture by Eduard
Looijenga.

Its main topics are a review of the rational Hodge conjectmayding the construction
of cycle classes in various cohomology theories, a review adde loci, absolute Hodge
classes, and some recent results on fields of definition of &l tmlg.

The article continues with the statement of the generalizedgd conjecture, involving
the coniveau of Hodge substructures. Later sections dtresmportance of the generalized
Hodge conjecture in the context of algebraic cycles, andudis its relationship with the
generalized Bloch conjecture and the nilpotence conjectur
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The contents are arranged into five sections that corresplosdly to the five daily
lectures. The first section contains preliminary matenal has been expanded some-
what more than the others. Only a couple of dividing linesehagen shifted in order
to unify the various topics by section, so the generalizedddoconjecture does not
make an appearance before Section 3, and the nilpotencectang is the first topic of
Section 5.
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1. Introduction to the Hodge conjecture

The Hodge conjecture for a smooth complex projective waigencerns the possible
realization of certain cohomology classes by rational domtiions of cycles arising
from subvarieties. It fails in more general contexts, soreeds to address the question

“what special features do we have in algebraic geometry?”

In order to explain this, we begin with a summary of cohomygltigeories.

Betti cohomology has an integral structure, whereas aggelole Rham coho-
mology has another structure depending on the field of diefimitWe shall construct
the cycle class associated to a subvariety in both the@iescompare the results. The
section concludes with a discussion of the Hodge conjectuderelated conjectures.

1.1. Cohomology theories

Let X be a smooth complex projective manifold. It comes equippét toth the
classical (Euclidean) topology and also the Zariski toggloNe shall writeXc|, Xzar
whenever we need to emphasize one of the respective topslogherea®" will

indicateX as a complex manifold equipped with the sheaf of holomorfinctions.
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Against this background, we shall start with an informaleevof several conomology
theories.

Regarding the classical topology Xf there are the so-called Betti cohomology
groups

(1) H* (X, Z)g := H*(Xa, Z),

defined by means of an acyclic resolution of the constantfshigla stalk Z on X,
such as that provided by singularéech cochains iX. These groups can be defined
for various coefficients, including andC. Over the real field, these groups can also
be computed as the de Rham cohomology group

HER(Xel, R)

of closedk-forms onX. modulo exact ones. One uses for this the fine Poincaré reso-
lution of the constant sheaf with stafkon X given by the de Rham complex, which

is made of the sheaves of smooth real-valued differentrahédinked by exterior dif-
ferentiationd.

The above spaces do not of course depend on the complexiarstycture
of X, but only on the underlying differentiable manifold. On thider hand, one can
define the Dolbeault cohomology groups

HP (XM =HI(X™, OF)

as theCech cohomology groups of the sheaf, of holomorphicp-forms onX. As
it is well known, they can be computed via the Dolbeault reoh, which gives the
formula

5—closed(p, q)-forms
0-exact(p, q)-forms

) HP 4 (X =
formed from the Dolbeault complex of smooth forms of tyjpeq) with p fixed.

Hodge structures

On any complex manifold, therélicher spectral sequencestablishes a link between
the Dolbeault groups
BP9 =HP A (X

and ordinary de Rham cohomology. This spectral sequendatdned using the fact
that the holomorphic de Rham comple®$an, d) is a resolution of constant she@ion
Xql. (This is the so-called holomorphic Poincaré lemma.) Weslilaus an isomorphism
betweerH* (X, C)g and the hypercohomologi§* (X, %an). The Frolicher spectral
sequence is associated to the naive filtration

F {Q%an) = Q3

on the compleXQ%an, d).
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This filtration induces a decreasing filtratishH* (X, C) on the cohomology
of any complex manifolX. It is called the Hodge filtration only in the case whéfe
is projective, because it has particular properties indhie.

The classical Hodge theory of harmonic forms shows that awjggtive man-
ifold X this “Hodge to de Rham” spectral sequence degenerates &t teage. To
explain this, one first represents each class in the spadey(2)0-harmonic(p, q)-
form w such that L

0=A5w=(00"4+0"0)w.
But X is a Kahler manifold, and thé-Laplace operator is known to be proportional to
d-Laplace operator (see, for example, [15, chapter 0], [362§. Thus

Agqw = (dd*+d*d)w =0,

which implies thatdw = 0 = d*w, and in particularw is d-closed.

It now follows thatd; : E¥>% — E? "9 vanishes, as do all higher differentials.
We also deduce from the comparison of the Laplacians the &lddgomposition

) HYX,C)g= @ HPI(X,
pt+q=k

expressing the ordinary Betti groups as a direct sum of tHbd2ailt groups (2). Note
that, conversely, (3) implies the degeneracy abecause we have

Y dimERY =dimHPT9(X,C) = > dimE}9,
P»q P»q

whenceE%? = E9. Note also that, under the above decomposition, we have the
following formula for the Hodge filtration:

(4) FlHk(X, (C) —_ Hk,O(Xan) - @Hl‘kfl(xan) _ @ Hp,kfl(xan].
p=l

The degeneracy of the Frolicher spectral sequentg anhplies that the Hodge
filtration has
GrPHPTI(X,C) = HP>9(X3")

as associated graded pieces, but it is not sufficient to geavie Hodge decomposition
(3), if we define the spacel?>9(Xa") c HPT4(X, C) as the space of those de Rham
cohomology classes that are representable by a closed fappedp, q). The case of
Hopf surfaces provides a counterexample.

With the definition above of the spakg>9(Xa") c HPT4(X, C)g, itis obvious
that theHodge symmetrgroperty

(5) W(Xan): HCI,‘P (Xan)

holds, because the complex conjugate of a closed form of(typg) is a closed form
of type(q,p).
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There is a natural pairing on rational cohomology
6) H¥(X, Qs ®H™ ¥ (X, Qg = Q
defined by cup product, where= dim¢ X. This gives the Poincaré duality
HE(X, Q) = H*" X (X, Q),

which is compatible the respective Hodge structures, irsémse thati?> 9 (X2") pairs
in a non trivial way only withH*—P-"—d(X2a")  Indeed, after tensoring witll, the
pairing (6) can be computed in de Rham cohomology by integrat

(w] @ ] HJ WA,
X

herew,n are closed differential forms, and the wedge productpfy)-form and a
(p’,q")-form withp +p’+q+q’ = 2dimXis nonzero only ifp’ =n—p, ¢’ =n—q.

On the other hand, the Poincaré pairing (6) is perfect, arfdllbws from
the above that it induces a perfect pairing betwéghd(Xa") = H9(X, QP) and
H"—P>n—a(Xa8) = H™~9(X, Q™ P) : This pairing is in fact Serre’s pairing.

We conclude this section by introducing the crucial notiorf o
Hodge class: Starting from the rational vector sp&fgX, Q), one can consider
H*(X, C) = H*(X, Q) ® C. The decomposition (3), together with the symmetry (5),
then defines what is calleddodge structure of weighk.

DEFINITION 1. A Hodge class of degrex on X is an elemeni in the space
Hdg”*(X) = H2 (X, Q)g NH*(X).

We can give another formula for Hodge classes that is batiezdsfor varia-
tional study, namely using the Hodge filtration (4). In fagg have

(7) o € HAg?*(X) = « e H?*(X, Q) NFrHZ*(X, C).

Indeed, a clasa in FKH2*(X, C) can be decomposed as= a?*° + ... + o}k, |f
furthermorex is rational, hence real, the vanishinged 9 for p < k implies by Hodge
symmetry the vanishing atP-9 for q < k, so thatx = «*¥,

Algebraic de Rham cohomology

On the other hand, iX is an algebraic variety that is defined over a figldf charac-
teristic0, one haslgebraic de Rham cohomolagyhose groups

HER(X/K) = H*(X, 0% /)

are defined as the hypercohomology of the complex of shedwageabraic forms on
X, in the Zariski topology. Recall that, to do this, one defitie=9 x -module of K&hler
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differentiaIsQ;1|g as generated by elemerftdg, for f, g € Ox, with relationsdx = 0
for « € K and
d(fg) =fdg+gdf.

There is then &-linear derivationd: Ox — Q;lg, fi— df.

SettingQ}jllg =A! Qgﬂg, one extendsl so as to obtain the algebraic de Rham
complex

(8) 0 0x = Qug— -+ — Qfy—0

wheren = dimg X. We shall often writex /x in place ofQ44 to emphasize the base
field.

DEFINITION 2. The algebraic de Rham grodﬁé‘R(X/K) is theK vector space
equal to the hypercohomoloW(X,Q;(/K) of the complex8).

By a base change froid to C, we obtain the algebraic de Rham cohomology groups
H‘JR(X/(C) with complex coefficients.

REMARK 1. The complex-valued cohomology groups
HER(X?", C) = H¥(X*", QF)

provide a bridge between the Betti and algebraic de Rhanridseoutlined above.
They are computed as the hypercohomology of the de Rham e@rapholomorphic
differential forms orX. This is a subcomplex of the ordinary smooth de Rham complex
with complex coefficients, and the embedding is a quasi-spihism.

Serre’s GAGA gives an equivalence between the categorisadytic and alge-
braic coherent sheaves for the projective varktyvhich induces an isomorphism on
HO, hence on all the cohomology groups [27]. It also results in a comparison the-
orem, due to Grothendieck (who also proved a similar stat¢mehe non-projective
case), for the two hypercohomology groups

H (Xzar, Qi) = HI (X3, Q3.

We have seen that the Frélicher spectral sequenk®'a$ associated to the naive filtra-
tion of the holomorphic de Rham compl€3,, on X2". There is an analogous spectral
sequence for algebraic de Rham cohomology starting ﬂﬁéjrﬁ = H9(Xzar, Q}i’lg).
However, the spectral sequences for the algebraic andtemdé/Rham cohomology
coincide at thek; level by GAGA, hence at any level. It follows that the Frokch
spectral sequence for the algebraic de Rham complex is etgnérate at thie; level.
Another (algebraic) proof of this result has been given biidhe and Illusie [11].

1.2. Construction of cycle classes

Given a subvarietyZ in a smooth complex algebraic variel;, we want to define
the cycle class$Z] in the cohomology groups of, for various cohomology theories.
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We shall define cycle classes in Betti cohomology firstZ Ifs smooth, there is no
difficulty. Otherwise, one method is to pass in some way to aahvariety and use
Poincaré duality. Le¥ be a reduced irreducible subvariety of codimensian X. By
Hironaka's theorem, there is a desingularization

i:Z—Z7ZcX
of Z, and we may consider

H2V2K(X, Q)g ~ H2"24(Z, Q)g — Q.
With the help of Poincaré duality, the composition detemsia class
B e H2K(X, Q) = H? (X, Q.
This p vanishes oiP"4" if (p’,q’) # (n—k,n—k), so
B e HSk(xan).

This is the rationaBetti cycle clas®f Z.

An important point is the fact th&etti cycle classes are Hodge classksleed,
they are rational, and we just proved that they are also &f (tigpk).

REMARK 2. An alternative approach (avoiding desingularizatidegp con-
struct the fundamental homology class/oés a singular homology class, by choosing
a triangulation ofZ. For example, any closed analytic subset has a triangualatibor-
dinate to the equisingular stratification. Let SiAglenote the subvariety consisting of
singular points oZ, andlU = Z\ Sing Z the smooth locus af. Since SingZ has real
codimension at leagin Z andU is a complex manifold of dimension — k, hence
a real oriented manifold of dimensidm — 2k, there is a fundamental clag8sng €
Hon 2k (Z, Z), which provides a homology clasgZ]iung € Hon 2k (X, Z). The am-
bient spaceX is smooth compact oriented, so this time we can apply thedacén
isomorphism

Hanzk(X) Z) i) HZk(X) Z)B
to 1,[Z]fung to obtain theintegral cycle clasg§Z]g € H?*(X, Z)g in cohomology.

To construct the cohomology clag8] 4k in algebraic de Rham cohomology,
we start with the subsheéﬂ;l»gC of closed forms of degrele over a fieldK. This maps
naturally to the truncated complex

O—>Q§|g—> o = Qgig— 0y
itself a subcomplex of the full de Rham complex. In this wag, get

HYX, 0K¢) — HYR(X, Q") = FRHY (X, O

HETHX/K) = HRY(X, Q

;Ig)

;Ig)'
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We now give Bloch’s construction, which works for an arhigréocally com-
plete intersectiorZ in X [4, Paragraph 5]. LeZ be a subvariety of codimensidnin
X, both defined over a field, and consider the inclusions

©) 745 x & z\x

Choose an open skt C X such that the subsétn Z of U is defined byk equations
f1,...,fx. ThenW =U\ (UNZ) is covered byy,..., U, wherel; is the subset for
which f; # 0. Consider the closed differential form

af

wy = f—]/\ A L eQleurn---nuy).
1

This determines &ech class of degrée— 1 for the sheaf)‘§</°K restricted tow, and
soaclassin

o>k o>k
H T (W, Q%f) — B2 T(W, Qx) = HZE L (U, ONgHI}

and the result on the right is in fact independent of the @ofd;’s.
We can glue these locally defined classes to get a globabsecti

v € HO(X, HFH(Q5TK)) e HF (X, Q37 ).
On the Ieft,ﬂf%k( -) is the sheaf of local cohomology groups with supportZofi 7],
and the isomorphism follows from the local to global spddegjuence, and the fact
thath-CiZ(Q;f/]f() vanishes fott < 2k — 1. Using the natural maps

o>k o>k
HZ* (X, Q3 k) = H (X, Q3% ) = HZM (X, 0% /),
we therefore end up with a well-defined cIasQ—iﬁu},f(X/K), by definition of thisk -
vector space of finite dimension. This is thigebraic de Rham cycle class$ Z,
denoted by Z]gr.

REMARK 3. Given a smooth algebraic varieXyand a smooth subvarie® in
X of codimensiork, Grothendieck constructed the cycle clasZaf the cohomology
Hk(XZar,Q‘;UK). Bloch’s construction gives a class in
FRHAR (X/K) = HZ* (X, Q5 ),
while the Grothendieck class is its image in the last quotéthis space for the Hodge
filtration.

For the sequel, we shall stick to our algebraic construatibthe cycle class
[Z]gr because we want to exploit the fact thakifindZ are defined over a subfiekl
of C, so is[Z]gr. This is crucial for the prediction concerning the fields efidition
of the locus of Hodge classes [33, 39]. In the next subsectvershall comparéZ]gr
with the topological cycle class, and discuss further the @hern class.
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1.3. The comparison theorem

Assume thak is a subfield ofC, so X/K extends to the complex variety/C, and
Qx/c = Qx,/x @k C. It follows that each complex algebraic de Rham cohomology

group
Hir(X/C) = Hir(X/K) @k C = H'(X/C, Q% ¢

has a K-structure”.
Since(Qx /c)®" = Qan, We have by GAGA, as already noticed,

H' (X, Q% /) = H' (X, QF).

As Q3 is a resolution in the usual topology of the constant skigéhis is called the
holomorphic Poincaré resolution [36, 8.2.1]), we have

H'(X?", Q3,) = H'(Xq, C) = H'(X, C)g.
By way of conclusion,
THEOREM1. We have
Hgr(X/K) @k € = H'(Xa, Q) ®C.

There is, however, no obvious relation between khstructure on the left and the
rational structure on the right.

Suppose that?" — X&is a holomorphic line bundle. In the Betti theory,
c1 (L3 € H2(X, Z)g
is defined using the exponential sequence
0—2Z— 0x — 0% — 0,
and the resulting long exact sequence
(10) - — H'(X3 0) = H'(Xa", 0%) 25 H2 (X, Z) — H2(X3, O) — --- .

The transition functions of define aCech class irH' (X2",0*) and one applies the
coboundary homomorphistto computec; (L2").

Now suppose thaD = ) n;D; is the divisor associated to a meromorphic
section of a holomorphic line bundle

THEOREM2 (Lelong formula).cq (L2") = > ni[Dils.

This is [36, Theorem 11.33], whose proof we sketch only byiefl
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Proof. By considering the components Bf and by using resolution of singularities,
one reduces to the case in whith= D; is smooth and connected. Ndwis trivial
overX\ D, so in the long exact sequence

- 5 H2(X,X\ D, Z) = H?(X, Z) = H2(X\ D, Z) — - --

c1(L) lies in the image of the first space that, by the Thom isomaermhs equal to
H%(D,Z) = Z. It can be shown thafD]g is in fact the image of the unit class in
HO(D, Z), socs (L) must be arintegral multiple of that. To verify that the multiple is
1, one can use the usual representative

] —
z—maalogh

whereh is a Hermitian metric ori.. The proof is based on applying Stokes’ theorem
to a tubular neighbourhood @f in V. O

In the algebraic de Rham theory of the line burldle: X, we take a Zariski open
cover{U;; } and definel by transition functiongji; € Oﬁﬁ- Applying the mapping

dlog: g— %

gives us af:ech]—cocycle{dgij /9i;} of algebraically closed 1-forms ové, relative
to this open cover. This defines a class in

H' (Xzar, 0%) = H' (Xzar, Q) — H3r(X/K)

whose image we denotg (L)gr.
The analogue
c1(L)dgr = [Dlayg
of Lelong’s formula holds; this is immediate from the exiiliBloch construction of
the cycle class ob.

Let us now compare the first Chern classed ah both theories. Using the
isomorphism
H2 (X, C)p = H? (X3 Q%an),

the Cech representative of the Betti claggL)g is given by thel-cocycle
1 dgi;
2mi gij '
This shows that there is a discrepancyat in the definition of the cycle classes:

(11) c1(L)gr = (27mi)cy (L)B.

We only mentioned above the first Chern class of a line bundtavever, the
results immediately extend to higher Chern classes of véatadles, using the splitting
principle [13, Section 3.1, 3.2] and the axiomatic defimtaf Chern classes.

The generalization of (11) is the following:
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THEOREM 3 (Comparison theorem)With respect to Theorem 1, fatrC X a
closed algebraic subset of codimensigiwe haveZ]gg = (271)* [Z]B.

Proof. The point is that this is a local statement. Assuimés smooth. LetT be
a tubular neighbourhood of and use the Leray spectral sequence for the map
T — Z to computeHZ5(T, Q) asHO((R**p)o.Q) = H°(Z,Q), where the subscript
0 indicates support on the zero sectionpof Then[Z]g is obtained as the image of
1 € H°(Z,Q), via the map

HZ (T, @) = HZ*(X, Q) = H*¥(X, Q).
It is a fact that orCk,

H%k(ck) (C) = H2k71 (Ck\{o}) (C) = (C)

where the final isomorphism is obtained by taking residues c# interpret the form

which appeared in the construction of Bloch cycle class adement of
HET(CR\ (0}, Q37 %) — HAT(C*\ {0}, ©),

and one can show that it equéBsti)* times the canonical unit class on the right]

1.4. Statement of the Hodge conjecture

Let X be a smooth projective complex variety. We saw that cyclesegZ]g are
Hodge classes oK. The Hodge conjecture states the converse:

CONJECTUREL. Any Hodge class € Hdg?*(X) is a linear combination with
rational coefficients of Betti cycle classes of algebralovsuieties ofX, so

X =

Mz

ai [Zilg, a; € Q.

i=1

A first observation is that the Hodge conjecture is truekfer 1. This is known
as the Lefschetz theorem ¢h, 1)-classes, and follows from the exponential sequence
and its associated long exact sequence (10). The SgAE*", Oxan) on the right
is isomorphic toH®2(X2"), so using (7), any degrez integral Hodge class is the
image by (and therefore ) of a class inH' (X2, O%an). The groupH' (X2, O%an)
is the group of holomorphic line bundles, which by GAGA, isri®orphic to the group
Pic(X) of algebraic line bundles. As algebraic line bundles haveomerphic sections,
we conclude using Lelong’s formula (Theorem 2) that the Hodonjecture is true in
degre€?, and even with integral coefficients.
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REMARK 4. Fork > 1, the integral Hodge conjecture is false. One possible
counterexample arises from the following theorem of KJI#]:

Suppose thap is a prime different from 2 or 3, and that>|d. A generic
hypersurfaceX of degreed in P* does not satisfy the integral Hodge conjecture: there
exists a class it%2 NH*(X, Z) that is not algebraic.

More precisely, consider a smooth hypersurfice P*. By Lefschetz’ hyper-
plane restriction theorem [38, 1.2.2], the restrictign H} (P4, Z) — HY(X, Z) is an
isomorphism fori = 0,1,2. Denote byh the hyperplane class iH?(P*, Z), and by
hx € H?(X, Z) its restriction. AlthoughH*(X, Z) andH® (X, Z) are both isomorphic
to Z, they are not generated by powersaf. Let x be a generator dfl* (with positive
intersection withhx). We must havévy - « = 1 by Poincaré duality. Since dh@ is
equal tod = degX, we deduce that? = d«. In particular the clasdu is algebraic.
Kollar's statement is thad itself is not algebraic for very generl. Note that the
algebraicity ofx is equivalent to the existence of a one-cyklen;C;, of degreel. It
is shown in [30] that the set of points in the moduli spacX efherex is algebraic is a
countable union of closed algebraic subsets, dense forstia topology in the moduli
space ofX.

We conclude this section with the “standard conjectureat tere formulated
by Bombieri and Grothendieck [16]. They are in fact par@uhstances of the Hodge
conjecture.

Let X,Y be projective complex manifolds with diXh=n. Suppose thdt+1 =
2r is even. We apply the Klinneth decomposition. Given

ae HY(X, Qe @ H'(Y, Qg C H*"(X x Y, Q),
we can, by duality, see as an element
& € Hom(H*™ (X, Q)g, H'(Y, Q)g).
With this terminology, we have:

LEMMA 1. «is aHodge class iiX x Y if and only ifx is a morphism of Hodge
structures of bidegreér —n,r—n).

This is [36, Lemma 11.41].

Let X be a smooth complex algebraic variety, andbe the diagonal irX x X.
The cycle clas$A] belongs to

H2™ (X x X, Q) = @ Hom(HP, HP),
P

whereHP = HP (X, Q)g, and has accordingly a decomposition

A=) 3p,
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whered,, stands for the identity map jigh. But each separat®, also provides us
with a Hodge class oX x X, by Lemma 1. The question is whether these classes are
algebraic:

CONJECTUREZ2 (The Kiinneth conjecture). For eaph the classs], is Q-
algebraic, i.e., a combination of cycle classes of subtiasevith rational coefficients.

Grothendieck calls this “Conjecture C”.

REMARK 5. Using Lemma 1, one can also define the Kiinneth components of
each algebraic cycle clasg], whereZ C X x Y. It is easy to prove the following
statement:

If the Klinneth conjecture holds for boxhandY, then the Hodge conjecture is
true for each Kiinneth component of each algebraic cyate X x Y.

Let X be a smooth complex algebraic variety of dimensigand let
t=ci(L) e H*(X,Q)p

be the first Chern class of a very ample line buridien X, so thatl is the pullback of
the hyperplane line bundig(1) for some embeddink — PN. The “hard Lefschetz
theorem” asserts that multiplication By —* is an isomorphism

(12) R HY X, Q) — HAR(X, Q)

The classt has type(1,1), and (12) is in fact a morphism of Hodge structures of
bidegree(n — k,n—k). In this way, we obtain a Hodge class of degdee— 2k on
X x X, represented by the homology class of the cycle

HiNn---NHp_x CX=ACXxX,

where the last inclusion is the diagonal one. Herelh&s are hypersurfaces in the
linear systemL| meeting transversally. In particular by Lelong’s formutae class of
H; is equal tol for anyi.

The isomorphism (12) has an inverse

(13) An_k: HZVK(X, Q)g = H*(X, Q)s

which by Lemma 1 provides a Hodge classXx X of degree2k. The question is
whether this is algebraic. Let us now formulate it in anothay.

Assume thatk = 2r is even. The groupH?"(X, Q) contains the set of)-
algebraic cycles of codimensiay which Grothendieck denotes™ (X, Q). By defi-
nition, an element belongs tH?" (X, Q) if c = Y a;[Z;] anda; € Q.

CONJECTURE3 (The Lefschetz conjecture). The mapping
" CT(X,Q) = CMT(X, Q)

is an isomorphism.
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Grothendieck calls this “Conjecture A’; it is the assertiwat (™ 2" is onto. It is
obviously implied by the algebraicity of the inverseldf 2" introduced in (13).

THEOREM4. The validity of Conjecture 3 for all is equivalent to the conjec-
ture that homological equivalence coincides with numérpivalence.

Numerical equivalence is defined by saying that,ym Z’ ifand only if [Z—Z'] - [W] =
0 for all classesW] with dimW =n —k.
Proof of Theorem 4 First suppose that hom num. The space€™ andC™" ™" are
then dual to each other and thereby have the same dimendierinjEctive Lefschetz
operator between them must therefore be surjective.

The converse is less straightforward; it requires the HeBggmann relations
[36, 6.3.2]. Suppose that Conjecture 3 holds forralllt follows that the Lefschetz
decomposition holds on the subspa€g$X) of algebraic classes. But then, on each
piece of this decomposition, which is orthogonal for theiséction pairing

(zy2')¢:= (" TUzUZ/, [X]),
(, )¢ Is non-degenerate. It follows immediately that the monphis
C'(X,Q) — C"(X,Q) / ~num

is injective forr < n. Forr > n, we use the Lefschetz isomorphight 27 : CT (X, Q)
C™ (X, Q) to get the same conclusion. Hence hemum.

e

2. The geometry and arithmetic of Hodge loci

We begin by studying Hodge loci a la Griffiths and then a vdriaamely the locus of
Hodge classes as defined by Cattani—Deligne—Kaplan. Weetkemnine the structure
of this locus, as predicted by the Hodge conjecture. Aftat,ttve discuss absolute
Hodge classes, and formulate a structure statement on thpar@nts of this locus.
We will also address patrtially the following question: fonish Hodge classes can the
Hodge conjecture be “reduced” to the Hodge conjecture detes overQ?

The main reference is Milne’s notes [12] (see also [33]).
2.1. Hodge locus of a class
Consider a smooth projective morphism
(14) p:X—B

overC. We may regard the total spafeas embedded insid&x PN, but we place no
assumptions oB at this stage, merely that it be a complex analytic space oifoid.

Fix a pointo € B and letX, =p~' (o) be the fibe. Consider a Hodge class

a € HAg?* (Xo) = H?*(Xo, Q)s NH®X(X,),
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and recall that we may replat€-* by F*H2¥* in the intersection. We shall be studying
the theory of the paifX,,«), noting thate must remain locally constant if it is to be
defined ovefQ. Accordingly, we introduce the sheaf

Hék _ Rka*Q)

whereQ is the constant sheaf with fio@ overX. Sincep is smoothH3* is aQ-local
system on the bad& There is an associated holomorphic vector bundle

(15) H* =HF® 0

over the bas® with fibore H2¥ (X, C)g at the pointt € B. This vector bundle contains
F*H2* as a holomorphic subbundle aﬁt@k as the sheaf of locally constant rational
sections (cf. [36, 10.2]).

We can “analytically continue& along a path in the bad starting ato, since
the local systenﬂék is canonically trivialised over such a path. Let us study twha
happens over a ball C B containing the poinb. Sincell is contractible, there is a
sectionx € HO (U, ﬂé“) extendingx, and we writex, € H2¥ (X, Q) for eacht € U.

DEFINITION 3. The set
Uy ={t e U: & € FFHZ* (X))

of those points inl for which« is a Hodge class is called tié¢odge locus ofx.

Recall from (7) that this is equivalent to the fact thate H**(X,), because, is
rational (hence real).

Now consider the projection
q: 9_(:2]( - fH:Zk/Fk:H:Zk

of holomorphic vector bundles oB. The imageq(x) is a section of the quotient
bundle, and its zeroes determine the Hodge locus:

Ug ={teU: q(d&) =0

This shows that the locally defined Hodge loduig is a closed analytic subset, but
is not convenient for globalization due to the presence afiadoomy. To define the
Hodge locus globally i, we could pull back the famil)C — B to the universal cover
B of B, where the local systeﬂjék becomes trivial, take the Hodge locusBnand

then push it down td.

In search of a better definition, we adopt another point ofvMdy considering
the total space of the holomorphic vector bundle

(16) p:FH?k 5B

whose points are paifs, «) with t € B andx € F¥H?* (X, ). We arrive at the definition
of Cattani—Deligne—Kaplan in which the Hodge locus appeara subset of the total
spacel(2¥ rather than of the base:
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DEFINITION 4. The locus of Hodge classes is the subset
HAPK = {(t,a) : o« € FFHZR(X () NHZ* (X, Q)} C FRH 2K,

Defining the Hodge locus in this way, as a set of rational point<H2¥, is better
suited to our purposes.

Let us consider further the local structure. Over the catitske subsetl of B,
we can see that/dg’® is a countable union of analytic subsets. Indeed, bighere
is a holomorphic trivialization of(?% = U x H?*(X,, C). Using this, consider

F: FRHZK — 2% — H2*(X,, ©).

Then
a € HAP® < F(a) € H*(X,, Q).

Therefore, ovetl,
Hig™  =F~' (H**(X,, Q)

is a union of fibers of parametrized by the countable $&t*(X,, Q).

Fix « as before. We can now defiédgZ* to be the connected component of
Hdg?* passing throughk, andB . = p(Hdg2¥) its image by (16):

HAgE® C PRk

(17) Pa | p|
By C B

By construction, the image, contains the Hodge locus,, previously defined.

REMARK 6. One could try to define, in place 8fy, a subsefl, C B that ex-
tendsU, by analytic continuation and parallel transport. Howeer,abstractl
obtained in this way is a countable union over all transfooing under monodromy,
and thus it could be a countable union of closed analyticetsbsven locally in the
base. The fact that this situation does not hold, that ishlkets ofT, do not accumu-
late locally, is true essentially due to the fact that monaty acts in a finite way on
the set of rational classes which remélink)-classes everywhere, see [33].

Now suppose that : X — B is smooth projective, and, B are quasi-projective
and everything is defined over a figkd(that only later will necessarily lie if©). By
GAGA, the vector bundle (15) is the analytization of the &lgéc vector bundle

RZpZ¥((Q% /g )alg)
on B overK, defined using the relative algebraic de Rham complex. Iméasi man-
ner,F*H2¥ is obtained as the analytization

RZpI((Q57 aig)-
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The total space of these bundles are thus quasi-projedtjebraic varieties.
The structure of the set

(2mi)* Hdg?* < FR(2k

is predicted by Theorem 3 and the Hodge conjecture. Its paimbuld then be pairs
(t, [Ztldr), where the de Rham class is taken oteand

n
Zt = Z ai Zi
i=1

with a; € Q, andZ; is a codimensiork subvariety ofX;. The Z; are parametrized
by suitable relative Hilbert schemes ow&r There are countably many choices; fixing
the rational numbers; and the Hilbert polynomials of; gives a projective algebraic
varietyM overB defined oveK (so its irreducible components are defined diepa-
rameterizingt; Z1,...,Z): The relative algebraic cycle map gives then a morphism

Crel « M — Fk}CZk

!

B

(crel is In fact constant along the connected components of thesfitliM over B).

By the above argument, the Hodge conjecture implies (that) #dg’* is a
countable union of closed algebraic subset§'di2* defined oveK (or a countable
union stable under G&/K) of closed irreducible algebraic subsetsbf(2* defined
overkK).

It was suggested by A. Weil [41] that one could test the Hodggecture by
seeing the extent to which the locus of Hodge classes is i@peln fact, the best evi-
dence so far for the Hodge conjecture comes from the follgwlieep result of Cattani,
Deligne and Kaplan in [7]:

THEOREM 5. The connected componentsJ#fig”* are closed algebraic sub-
sets offkg3(2k.

By a theorem of Hironakd admits a compactificatioB such that the comple-
mentB \ B is a divisor with normal crossing. The above theorem is pildwe using
Schmid’s nilpotent orbit theorem (see Looijenga’s lecsurethis volume or [25]). The
main statement is the fact that the Hodge locus can be exdaodke boundary to give
a closed analytic subsetBy one then uses Chow’s theorem saying that closed analytic
subsets of a projective variety are closed algebraic.

Note however that the theorem says nothing about the fieldsfaofition, which
will be discussed in the sequel.
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2.2. Examples from elliptic curves

We discuss the moduli space of elliptic curdgsand interpret the Hodge locus of a
class inE x E whenkE is equipped with complex multiplication. The (coarse) mlodu
space of elliptic curves is the affine liig . Given an algebraic family — B of such
curves there is the classifying mapB — A' . Consider the case of the Hesse pencil
of cubic curvesX(p) :=x3 4+ y3 + 23 —3uxyz = 0, thenB = (A —{1,{, ¢?}) with
{=e?™/3 andj(p) =27u3(u3 +8)3 (3 —1)73. We say that\! is a coarse moduli
space because there is no universal elliptic curve Aver

(18) e A,

the reason for this is monodromy, as we explain presently. ti@nother hand the
universal curve exists over the moduli space of elliptioczeswith some level structure
(the Hesse pencil is when the leveBis and therefore (18) is meaningfup to passing
to a finite cover of\! ; it is with this understanding that occasionally we refe(18)
in what follows.

The Hodge structure of weighiton the vector spacel’ (X, C) is determined
by the Q-lattice H' (X, Q) and the complex lind° (X, Q'"). If we choose a basis
in Hy(Xo, Z) for some pointo € A' (and thus for every other point iA', since
the latter is contractible), the lind® (X, Q') has a well-defined slopg wherel,t
are the periods of the elliptic curyé;. However, it is well known that is merely
an analytic (non-algebraic) function pfindeed, the mapi™ — H*/PSL,(Z) is of
infinite degree, wherel™ is the upper half-plane with coordinatk

ExampLE 1. Consider an elliptic curve
E=C/A, A=Z+Zr.
For any integen, multiplication byn gives an isogeny
0—En—E-5SESOQ,

whereE, = (Z/n)?. This gives us a ring homomorphisth— EndE. Suppose that
this is not surjective, and lat: E — E be an element in the cokernel. Therifts to
C, and is necessarily a homomorphigm» wz for some complex numbev. For this
reasonE is said to admitomplex multiplicatioh

Sincey preserves the lattic&, we have

(19)

w-1=a+bt
w-t=c+dr,

for some integersa, b, c,d. From the exact sequence

O—>kery—>ELEHO,

1The following treatment of this topic is due to A. Levin
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we obtain an exact sequence
0—Hy(E,Z) - Hy(E,Z) — kery — 0,
and conclude that keris a group of ordeA = ad —bc. From (19),
b’ +(a—d)t—c= 0,

so thatr € Q(v/—A), whereA = (a— d)? +4bc.

The graphl’ = I'(w) of multiplication byw is a divisor inS = E; x E; (we
use subscripts to distinguish between the two copies- E,; = E). Let(ej,ez) be a
standard basis in the homology grotlg (Eq, Z) so that(eq,eq) = (e2,e2) =0 and
(e1,e2) =1, and let(fy,f2) be the corresponding basis lity (E;, Z). Computing
intersection indices, one finds that

(20) M=ce1®f1—dej®fr—aer®f1 +ber@f>+e7Nexy+Dfy ATy
in the second homology group
H2(S,Z) =Hq(E1)@Hy (E2) + H2(Er) @ Ho(E2) +Ho(Er) @ Ha (E2).

(In particular, if E has complex multiplication byv = t with 2 = —D, then (20)
becomesll =—De; ®@f1 +ex®@f2+e1 ANex+Dfy Afy, whereA =—4D.)

Now consider the fibered squaYe= € x 41 E of the universal curve (18). Itis
a 3-dimensional (non-compact) variety with a projectjony — A'. Let us fix one
particular fiberY,, of the mapp, and consider the cycle € H?(Y,, Z) determined by
(20). Then the Hodge locusd in the basél = A' parametrizes elliptic curves which
have a complex multiplication of a given type, b, c,d).

Itis known that for a given discriminam, there are finitely many elliptic curves
Eq,...,En with complex multiplication from the fielt&k = Q(/—D) [6]. The number
his equal to the order of the group(®l) of the class ideals . (Every such a curve
is of the formC/A, whereA is a lattice inC and is a projectivé -module of rankl,
which gives a one-to-one correspondence betwWgen..,Ey} and the group CK).)
Thej-invariantsj, = j(E,) are algebraic numbers all belonging to the same field

K'=Q(j1) = =Qljn),

an extension oK of degreeh. The Galois group G&’/K) = CI(K) is abelian, and
K’ is the maximal abelian unramified extension of the fi€ldThus the Hodge locus
U, is defined over the fiel#’, and the GdlQ/Q) action on this Hodge locus factors
through the class ideal group (®]).

2.3. Absolute Hodge classes

In this subsection we introduce a refinement due to Deligni®fotion of Hodge
class on smooth complex projective varieties. It takes adoount the comparison
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between Betti cohomology and algebraic de Rham cohomoleiggre the first one is
purely topological, while the second one is algebraic angairticular is defined over
the same definition field as.

The group G4IC/Q) of automorphisms of acts coefficient-wise on the ring
of polynomialsC[xy,...,xn]. It takes homogeneous ideals to homogeneous ideals and
therefore determines an actionR — R, on the category of graded finitely-generated
rings overC. If X =ProjR andX. = ProjR+, T produces a bijection on complex points
(that is, complex solutions of the defining equations)

X(C) =5 X.(C).

If X is a smooth projective variety embedded i, then by definitiorX ¢ is obtained
by makingt act on the coefficients of the equations definkig However,t is not
necessarily continuous and, as a consequeigandX- ¢ may not be homeomorphic
in the classical topology, while they are in the Zariski tiogy.

On the other hand, the group G&//Q) acts naturally on the modules of Kéhler
differentials, inducing a magy, — Qj , which ist-linear but notC-linear, and a
corresponding action
(21) Tar: HZX(X, Q;?/}é) — H?*(X«, Q;i‘;c)
on algebraic de Rham cohomology. The groups are isomorphithe discussion in
Section 1, to the respective Betti cohomology groups andha# write

H*(X,C)g — H*(X(,C)g

o4 — ot

(22)

for the resulting bijection. In particular, this shows (aasanoticed by Serre in [27])
thatX andX. have equal Betti numbers. However, Serre [28] construateekample
for which their fundamental groups are different!

Despite the equivalence ov€r (22) does not preserve tlistructures of Betti
cohomology. To see this, recall the formula

(23) [Zlgr = (2m)* [Z]g

of Theorem 3 for a codimensidacycle. If Z C X is defined over), it follows from
the construction of the algebraic de Rham cycle class tlatldssZ]yr is invariant
by the action of GA4IC/Q) on H3k(X/Q):

(24) ([Zlar)« = [Zldr-
It follows then from Theorem 1 thate Gal(C/Q) acts onZ]g by

Sk
((Z1g) = 20

= Hemn) 2

Hence the left-hand class is not rational in the Betti senbemwthe coefficient

27k .
%lsnotm@
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WhenX is not defined ove), the construction of the algebraic de Rham cycle
class still shows immediately that

(25) (Z]gr)x = [Z<ldr.

It follows from (25) that, if the Hodge conjecture is trueettr will map
(27i)*Hdg** (X) = (27t1) *H2* (X, Q)g NFFHZ*(X)

to (27t1)¥Hdg?* (X ). This motivates the following:

DEFINITION 5 (Deligne [12]). A classx € Hdg?* (X) is calledabsolute Hodge
if the class((27i)*«). belongs to(27i)*Hdg?* (X~) for every automorphism in

Gal(C/Q).

In other words, the cla (((zzg))kk) or has to be a Hodge class for amy Note that if

sk
it is rational, the Clas%% will automatically be of typgk, k); this follows
because the transport magg in (21) preserves the Hodge filtration, so we already

know thatx, € F¥H?*, and we use (7).

REMARK 7. Motivation for the definition comes from the fact that Bettcle
classes are absolute Hodge by (25). Letting’Atdlenote the set of absolute Hodge
classes irH2¥, the following inclusions are clear:

{cycle classgsC AH** C Hdgg*.

The Hodge conjecture is now equivalent to the validity oftilie statements:

(a) every Hodge class is absolute Hodge, and

(b) every absolute Hodge class is algebraic.

Statement (a) was proved by Deligne for abelian varietigd 2y Theorem 2.11]. It
also holds for the Hodge classes that feature in the stamaejdctures at the end of
Section 1.

We next study absolute Hodge classes for a fapily{ — B defined overQ,
and the fields of definition of the corresponding Hodge ldtiis(always the case that
an interesting varietX defined overC is included as a fiber in such a family. For
example, the Hilbert scheme of subschemeBnwith a given Poincaré polynomial
and the universal family over it are defined og&r The Hilbert scheme is not usually
geometrically irreducible sB may be not reducible, but that does not matter. Refer to
[21] for more details.)

Suppose then that is a complex projective variety which is a fibre of a family
(14) wherelX, B, p are defined ove) (with B not necessarily irreducible). Recall that
}[dgﬁck is the connected component of the locus of Hodge classeainig « inside
the holomorphic vector bundig<g(2k.



170 C. Voisin

To formulate the next proposition, recall that the totalcgpaf the locally free
sheafF*H 2k is an algebraic variety defined ov@: Moreover, by Theorem 5, it con-
tains(zm)k}[dgék as a closealgebraicsubset Thus GAC/Q) acts on the set of its
complex pointgt, «¢ ) with oy € F*H2%(X,, C). Fort € Gal(C/Q), the action oft is
nothing but the map

a € FFHZ*(X¢, C) = or € FFH2¥ (X (4, €)
considered previously.

PROPOSITION 1 ([37, Lemma 1.4]).The classx € Hdg?*(X) is absolute
Hodge onX, if and only if
(i) the set(2mi)*#HdgZ¥ is defined ove);
(i) for everyr € Gal(Q/Q), the setr((27ri)* HdgZ¥) is contained in(27ti)* Hdg?*.

Proof. The “if” implication holds by definition of absolute Hodge.

For the converse, we claim firstly thatdf is absolute Hodge, then all the
in }[dgﬁck are absolute Hodge. For this statement, we use the alg#rEieorem 5.
Recalling the picture (17), we obtain a tautological secticof the bundlep*F<J(2¥
pulled back taHdgZ¥:
Hdg, o FRHZE

pocl P
B«
By definition of #dgZ¥, this section idlat relative to theGauss—Manirconnection
0: H2* = Qf @ H2¥,

as described in the paper by Katz—Oda [19]. Indeed, it is & Bional cohomology
class at any point, hence must be locally constant. Thexefoe havelx = 0.

Now [ is algebraic and defined ov@r. Therefore, ifx. now denotes the section
of pi, FXHZk on (Hdg3*) . deduced froni by applyingt, then we also have

Oor =0.

In other wordsx. is also flat, and this implies that if it i&7i)% times a rational
Betti cohomology class aomepoint of (}[dgﬁ‘k)m then it is(27ti)* times a rational
class everywhere. Now € H2*(X.,C)g being absolute Hodge, whete=p(«),

it follows that « is (27ti)* times a rational class at the poitftt) = Pa,x(ac). This
establishes the claim. The claim tells us thakifs absolute Hodge, so are all the
classes inHdgZ*. It follows easily, using the local structure @fdg2* as a countable
union of closed analytic sets, that each transdélleri)k}[dgﬁck)T in (27ti)* Hdg?* is
actually a connected component of the latter. As a conse)auelm)k}[dgﬁk has
only countably many translates under @3/Q), and it follows that it is defined over
Q by the Lemma 2, immediately below. This completes the pré¢h @and (ii).
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LEMMA 2. LetZ be an algebraic variety defined ov@rand letZ C Z¢ be
a closed algebraic subset. Assume thathas only countably many Galois translates
underGal(C/Q). ThenZ' is defined ovef). O

2.4. A weaker notion

Let X be a fiber ofp over a pointo € B:

X C X
(26) | |»
o € B

As before, given a class € Hdg?*(X), let #dg2* be the corresponding connected
component ifH2*, andB , = p(HdgZ*). Let now look at how G4IC/Q) acts on the
base.

A simple consequence of what we already explained foﬂiﬂg@k’s is that, if
the Hodge conjecture is true fa, then
(a) B is defined ovefQ, and

(b) for every element € Gal(Q/Q), the variety(B« ) is again a componef, of the
Hodge locus.

Proposition 1 shows that (a) and (b) together constituteakemproperty than asserting
that« is an absolute Hodge class.

Assume that we are again in the situation in whicH — B is a family defined
overQ, X is the fiber over a point € B, and« € Hdg?*(X).

B PROPOSITIONZ ([37, Proposition 0.5]) If the Hodge locus . is defined over
Q, then the Hodge conjecture fX, ) is implied by the validity of the Hodge conjec-
ture for some variety defined ovef).

Thus, if the Hodge conjecture is true for varieties definedrd@y, and a varietyX

is a fibre in a rational family for which the Hodge loci are definoverQ, then the
Hodge conjecture is also true fo&. This proposition leads us to ask: “Under what
circumstances 8, defined overQ?”

Proof. Consider as before the restrictipg : #dg2* — B, of p: X — B to HdgZ* and
the base-changed family,, := HdgZ¥ xg X. Note thatp, is étale over the smooth
locus ofB, though it could be finite-to-one due to monodromy. By furthesstriction
if necessary, we may assume ti8at is smooth.

SinceB is defined overQ, being an étale cover of it,F[dgék is “abstractly”
defined overQ. Furthermore we already noticed thaextends naturally to a single-
valued sectiom of HZ¥k over}[dgik. Let X, be a smooth compactification off, ; we
may assume thaX, is also defined oveQ.
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Applying the invariant cycle theorem [38, Theorem 4.24],3ge that there is a
cohomology clasg € H2*¥ (X, Q) whose restriction t& is equal tox (observe that
X is naturally a fiber opy : X — Hdgék). This theorem indeed says that the image
of the restriction map
H? (X, Q) = H?*(X, Q)

coincides with the invariant subspakié® (X, Q)™ (B) which contains the classby
assumption. To complete the proof, we need the semi-siitypb€ the category of
polarized Hodge structures [36, Lemma 7.26], which hasdHheviing consequence:

PrRoPOSITIONS. Let¢: H— H' be a morphism of Hodge structures of even
weight, whereH is polarized. Letx € Im¢ be a Hodge class itl’. Then there is a
Hodge clasg € H such thatp(B) = «.

It follows from this proposition than there exist$i@dge clas$3 on X« Which
restricts toa. Now, if the Hodge conjecture is valid for the pdlKy, (), which is
defined overQ, thenf is the class of an algebraic cycle, and sais- 3x. We have

thus proved that the Hodge conjecture for a variety defined @implies the Hodge
conjecture for( X, «). O

There is a criterion given in [37] which can ensure that thelg#locusB « is
actually defined ove®:

THEOREM 6 ([37, Theorem 0.6-2])In the situation(26), assume that any lo-
cally defined constant subvariation of Hodge structfité® on B is of type(k, k).
ThenB 4 is defined overQ.

—~—

— 2k
Proof. As in the previous proof, sé€, = X x Hdg?>* ., where#dg,, is a desingu-
larization of #dgZ¥. We have maps

2k
(27) Xo — Hdg, — Bg.

Consider the composition
it Xt C Xy C Xy
and setx = j*p wherep € H?* (X, Q).
— 2k
Givens € Hdg, , the restriction map
jo: H?*(Xa, Q) — H¥ (X5, Q)
provides a locally constant Hodge substructuréiiﬁ‘(xp“(s], Q). It follows then
from our assumption that Ifji;) is a trivial Hodge substructure (meaning, of type

(k,k)). Now lett € Gal(C/Q). It will suffice to prove that

(Boc)T = Boc’
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for somea’ € Hngk(XL. Indeed, there are countable many such sets, so this wilyimp
thatB is defined ovef) by Lemma 2.

Now T acts on everything in the tower (27):
(Xa)r — (}[dgék)"r — (Ba)r.
There is also the inclusiop : X < T“,T, and the restriction map

it H2% (X o) r, Q) — H2* (Xe, Q).

Now we have the following fact, which is proved by observihgttthe property under
consideration is purely algebraic and can be checked byirigakt the corresponding
restriction map in algebraic de Rham cohomology:

If Im(5*) is of type(k, k), thenim(j%) is of type(k, k).

But Im(j*) = j*(F*H?¥) and Im(j%) containsa, on X-. “Locally” (B ) is defined
by the condition thai.. € F¥HZ*. Now replacex. by any generically chosen

o € ji(HZk(yoc) Q)).

It follows easily that B )« = B4+ (equality here as sets, but not scheme-theoretically),
as required. O

Let us give one corollary:

COROLLARY 1. Assume that the Hodge structure BR* (X, Q)g /Hdg?* (X)
is simple and that the variation of Hodge structuretéf(X,, Q)g is maximal (that s,
the Hodge structure does not remain constant on positiggedsional subsets). Then
for any Hodge class on X, H#dgZ¥ is defined ovef.

Soulé asked whether the Hodge conjecture for varietiesetbfimerQ implies
the Hodge conjecture in general. Corollary 1 gives an exaropa situation when the
answer to his question is positive.

EXAMPLE 2 (Complex multiplication revisited). Lgt & — A' be the univer-
sal elliptic curve, and > 1 be an integer. It was shown in Subsection 2.2 that the set
Tp of pointst € A" such that the curvé; admits a complex multiplication with dis-
criminantD is a Hodge locus i\ . Itis known from class field theory that the order of
Tp is equal toh(D), the class number of the field(v/—D). The field of definitionk
of each pointin the locu$p (and thus ofl itself) is the maximaunramified abelian
extensionk of the fieldQ(v/—D), with the degree dgg/Q(v/—D) = h(D) and the
Galois group isomorphic to the group of class ideal&@l Here the basé.! can be
substituted with any of the modular curv€gN).

3. The generalized Hodge conjecture

In this section, we shift gear by returning to more obviougpmetrical applications
of Hodge decompositions.



174 C. Voisin

We first introduce the concept obniveauthat allows one to extend attention to
Hodge classes “surrounding” those of diagonal type. Suadtigdsubstructures arise
naturally from subvarieties as images of the Gysin map, Aedyeneralized Hodge
conjecture postulates a converse to this process.

3.1. Coniveau and the Gysin sequence

Suppose thdt is a lattice orQ-vector space endowed with a Hodge structure of weight

k, so that
L(c: @ P9,

P,q>0
p+q=k

DEFINITION 6. We say that the Hodge structure @rhasconiveaur if LP-9
vanishes fop < randq < v butL™*~ " #£0, so

I—(C — Lk—r,r DD Lr,k—r.

Note that the direct sum includes the summahd if and only if k = 2r is even. The
figure helps one imagine a Hodge structure of weight 4 andreani1:

Given a Hodge structure of coniveapywe can define a new Hodge structure
L’ =L(r) of weightk — 2r by setting

(28) (L)Pd =LPH™a*T pyg=k—2r,
with the same underlying lattice. This modification is elementary, but has a deep

motivation, which will come from the study of Gysin morphisim algebraic geometry.
Let X be a smooth projective variety, ald- X a smooth subvariety of complex
codimensionr. We shall see that provides more cohomology classesXthan just
its fundamental clas®] € H2"(X, Q).
Consider the inclusions: Y C X andj: Y\ X C X, as displayed in (9) from
Subsection 1.2. The Gysin exact sequence reads

S HR2T(Y) 2 HRX) D HR (X Y) =S HR 2T (y)

It can be constructed from the exact sequence of the{gaX \ Y) combined with the
Thom isomorphism
H*(X, X\ Y) = H*27(Y)
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(see [36, Section 7.3.3]). The Gysin migpoincides withDx oi,0Dy, whereDx,Dy
are the Poincaré duality isomorphisms dapndHz, 1 (Y) — Han 1 (X), wheren =
dimX.

Another way to construct the Gysin sequence is via the Lgragtsal sequence.
Itis more subtle, but applies whahis singular, which is the context of the next result.

THEOREM 7. Let X be a smooth projective variety, andC X a closed alge-
braic subset of codimension The kernel of the map

H (X, Q) 2= HE(X\ Y, @)
is a Hodge substructure #1*(X, Q) of coniveau at least.

Note that some Hodge numbersYimay be zero, so the coniveau might be strictly
bigger thanr.

Proof. Choose a desingularization Y — Y, and assume that has pure complex
dimensionn —.

We need the fact that morphisms of mixed Hodge structurestea for the
weight filtration (cf. [10], [38, 4.3.2]). We already knowi&/Poincaré duality for open
varieties) that the kernel gf is the same as the image of

Dx
et Hank (Y, Q) — Hon—k (X, Q) = H*(X, Q).

There is a mixed Hodge structure on both sides. The compnsgiia morphism of
mixed Hodge structures of bidegregr), with apure Hodge structure on the right (cf.
[10]). Thus its image is the same as the image of the map

1y Wlnkaank(Yv Q) — Hank(X) Q) = Hk(x» Q)

But by construction, the pure pat>,, 1 Hzn (Y, Q) of the mixed Hodge structure
onHy, (Y, Q) coincides with the image of the map

Tt Hon (Y, Q) = Hon (Y, Q).

That concludes the proof, because, applying Poincarétyllmii\?, we proved that
Kerj, =Im(ioT), : H*27(Y,Q)g — H¥(X, Q) and this morphism is a morphism
of Hodge structures of bidegrée r). O

3.2. Statement of the generalized Hodge conjecture

In his original question, Hodge asked which cohomologys#an a smooth complex
projective varietyX are supported on subvarieties. Theorem 7 provides stratigcre
tions on them. Grothendieck corrected the original forrioiain a way which takes
Theorem 7 into account, asking the converse question:
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CONJECTURE4. Suppose thaX is a smooth projective variety defined over
C, and thatL ¢ H*(X, Q) is a Hodge substructure of coniveau Then there exists
a closed algebraic sé&t c X of codimension at least such thatl is contained in
ker(j*: H*(X, Q) — H¥(X\ Y, Q)) in the notation of (9).

The Hodge conjecture implies the generalized Hodge camjedh two partic-
ular cases that we consider next. The most obvious occura Wwke2r. In this case
we havel¢ = L™" andL consists of Hodge classes. The Hodge conjecture provides
subvarietie<1,...,Zx of X all of codimension such that

L=([Z1],...,[Zn]) @ Q.

But thenL vanishes oiX\ (Z; U---UZy), as required.
The next, but more sophisticated, case is that in wkieh2r 41, so that

(29) LC _ LT,r+1 o L1‘+1 ,T.

In this case, referring to (28),’ = L(—) is a polarized Hodge structure of weight
We get such Hodge structures on the first cohomology grougsimes, though not
every Hodge structure of weiglhtis actually a Hodge structure of a curve. However,

LEMMA 3. Any polarized Hodge structure of weightrises asH' (A, Q) for
some abelian varietj.

The key point is the existence of a polarization (arisingrfrine intersection form),
but without polarizations, the lemma remains true with ‘lemevarieties” replaced by
“complex tori”. The lemma is a reformulation of the fact thla¢ category of weight
rational polarized Hodge structures is the same as theagtef abelian varieties up
to isogeny (see [36, Section 7.2.2]).

Using this lemma, we shall prove

THEOREM 8. The Hodge conjecture implies Conjecture 4 wikea 2r+1 as
in (29).

Proof. We start with a Hodge substructuke- H2>"+' (X, Q) of coniveaur. It is po-
larized, because the Hodge structuretoti ! (X, Q) is polarized (note however that
the polarizations are not canonical). There exists thenlaiged Hodge structurg’

of weight1 and a morphisng : L’ = L of bidegre€gr,r). By Lemma 3 we may assume
L' =H'(A, Q) as Hodge structures. Having an abelian varigtgnd a morphism of
Hodge structurest! (A, Q) — H2™+1(X, Q), we can choose a cun@that is a com-
plete intersection of ample hypersurfacesAin Then, by the Lefschetz theorem on
hyperplane sections [38, 1.2.2], there is a monomorphism

(30) i*: H'(A,Q) = H'(C,Q),

which is a morphism of Hodge structures of pure weightSince the category of
polarized Hodge structures of weights semisimple, (30) always splits, $t' (A, Q)
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is a direct summand, as a Hodge substructuré] 'qiC, Q). We thus get a morphism
of Hodge structureg : H' (C, Q) — H2"*+1(X, Q) of bidegregr,r). By Lemma 1)

determines a Hodge clagsof degree2r + 2 on C x X. If the usual Hodge conjecture
is true onC x X, then this class is induced by a cyde= Y ; a;Z; onC x X:

b=121=) ailzd, aeQ

The resulting correspondence induces maps

H(Suppz, @) &1 HI(C, Q)
2 aiP2i N l[Zh
H2T+1 (X, Q)

In truth, one needs to desingularize the compongatsf Z and to replace Supp by
L1 Z;. Furthermore, we may assume thatallhave the property that codipa (Z;) =

T, since otherwis&;, = 0. In that case, it follows that IfiZ].) = Im{ = L vanishes
away fromp (SuppZ), which is of codimensiom. Thus,L satisfies the generalized
Hodge conjecture. O

In conclusion, the usual Hodge conjecture for varietiesciaire products with
a curve implies generalized Hodge conjecture for weight2r+ 1 and coniveau. In
order to tackle the general case, a part could be generdiisteithere is an important
missing point, namely, the adequate generalization of Lan3m This leads to the
following question:

Given a weighk Hodge structurd. ¢ H*(X, Q) of coniveaur, so that
Lc= kar DB Lr,kfr)
consider the weighk — 2r Hodge structurel’ = L(—r). Does there exist a smooth
projective varietyy admittingL’ as a Hodge substructure bf<—27(Y, Q)?
3.3. Coniveaul hypersurfaces

Let X be a smooth hypersurface BT of degreed. The Lefschetz theorem gives an
isomorphism
HEX, Q) «— H*P™ Q) k<n-2.

From this point of view, the only interesting part of the cofmogy of X is the prim-
itive subspaceH™ ' (X.Q)o. Let us denote by cdX) the coniveau of the Hodge
structure orH™ 1 (X)o.

THEOREM9 (Griffiths, [14]). With the above terminology,

conX)>r & n>dr.
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Sketch proof.We refer to [38, 6.1.2] for a complete proof. It is based onffi#ns’
description of the Hodge filtration o™~ (X), for X as above. Griffiths proves that
F*H™1(X), is generated by the residue Q_ wheref is the defining equation
of X, Q is the section (unique up to a scalar)kaf~ (n+ 1) andP is a polynomial on
P satisfying

degP+n+1=d(n—k).

This degree condition guarantees thats is a meromorphic form o™ with poles
alongX. In any case, we conclude from this degree condition thatif dr, andk >
n—r, then de@ < 0, soP = 0. HenceF™"H" ' (X)o = 0 and thus cofX) >r. O

Forr =1, the coniveau assertion amounts to
0=H""1O(X)=H°(X, Kx) =H°(X, O(—n—1+4d)).

This means thaX is aFano hypersurfacgit is equivalent to the conditiod < n. The
generalized Hodge conjecture for conivdlanow says that itl <n thenH™ ' (X),
vanishes away from an algebraic ¥et X of codimensiorl. In fact,

THEOREM10. The generalized Hodge conjecture is true for conivédwyper-
surfaces.

Proof. We will prove this statement later on for any Fano or ratignebnnected va-
riety, but here we give an ad hoc proa§suming the stronger condition that< n.
This condition implies that, for alt € X, there exists a lin®' ¢ X containingx. This
is true because the set of linesXnthrough a point € X is defined inP™ ! by d
equations, of successive degrées.,d. Hence it is nonempty ik — 1 > d.

Let F be the set of lines i, thus a subvariety of GIC™*'). Let P denote the
incidence variety, consisting of paif& x) with x € X and({ a line inX containingx:

By assumption,q is a surjective map between compact Kéhler manifolds, and so
q*: H*(X) < H*(P) is injective (cf. [36, Lemma 7.28]). Now we have to add the
following argument: A : P — Fis aP'-bundle, its cohomology decomposes as

H*(P) = p*H*(F) & q*hUp*H* 2 (F),

whereh = ¢ (0x(1)) (cf. [36, 7.3.3]). In this decomposition, the first term igdmn-
lated byp. while p,. on the second term gives the identity mag-5f-2(F). If we start
from a primitive cohomology class on X, it satisfieshuU « = 0 henceq*hU q* o = 0.
But thenq* « does not belong to the first teqiH*(F) unless it i<0. Thus we conclude
that the morphism of Hodge structures
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peoqts H"(X)o = H"3(F, Q),

is injective as well. Finally, if we choos€ C F to be an intersection of ample hyper-
surfaces of dimension — 3, the Lefschetz hyperplane section theorem tells that

H™ 3 (F,Q) — H™3(F, Q).

The picture reduces to

F X
inducing the injective morphism of Hodge structures
(P)o(a@)": HY T (X)o = HM 3 (F),

Dualizing,
(q)eo(p)): HM 3 (F,Q) —» HM 1 (X) /A,

whereA is the space of algebraic classes arising fin Thus,
H™ 1(X) =Im(q’), +A.

But dimP’ =n—3, soq’(P’) is a hypersurface iX and Im(q’), is made of classes
supported on this hypersurface. This completes the proof. O

4. Rational equivalence and the Bloch conjecture

At the end of the previous section, we discussed the geredaliodge conjecture for
coniveaul hypersurfaces.

In this section, we shall take up another approach that btwarks for any
Fano variety (i.e. one for whichK is ample), or more generally any rationally con-
nected varietyX (i.e. one for which any two points can be joined by a chain tbra
nal curves). This is the case of courseXifs a unirational variety, that is, rationally
dominated by projective space. However a more approprigenaption, much less
restrictive geometrically, is that the Chow group &M) be “trivial” (i.e. equal toZ).

4.1. Chow groups

Suppose for simplicity thaX is a smooth projective variety. L&t (X) denote the
group of algebraic cycles, i.e. the free abelian group withagators closed irreducible
reduced algebraic subsets of dimensionThus a typical element dfy (X) has the
form Z?‘:] n;Zi withny € Z, Z; C X closed of dimensiok. An algebraic cycl& in
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Z.(X) is rationally equivalent to zerd there exists a smooth variely of dimension
k+1, arational functiorf € C(W)*, and a map

W =X

such thatZ = ¢, (divf) (taking account only of components of dimensignor if Z is
a finite sum of such cycles.

DEFINITION 7. With the above preliminaries,

_ 2 (X)
cycles rationally equivalent @

CHy (X)

For cycles of codimensioh, the equivalence relation is akin to settibg~ 0 whenD
is the divisor of a meromorphic function. In general, twoleg,Z, arerationally
equivalentf their difference is rationally equivalent tband we writeZ; ~ Z,. Thus,
CHy (X) is the group of alk-cycles inX modulo rational equivalence. It is called the
k-th Chow groupof X, and sometimes denotéd, [13, Chapters 1-2].

If X is connected, the natural degree homomorphisrg (GH— Ho (X, Z) =7
is given by

We shall denote its kernel @O(X); this is generated by cycles of degree equal.to
The trivial situation is that in whiclﬁfﬁo(x) =0, or equivalently CH(X) = Z.

If X is rationally connected (or, in particular, rational) th@hly (X) = Z. To
show that any two points,y are rationally equivalent, we choose a chain of rational
curves connecting them, with marked poirts- xo, X1,...,Xn—1, Xn =Yy such that
xi belongs to the intersection of two curvesik i < n. Each curveC has a desin-
gularizationP' — C c X, andx; —x;_1 is the divisor of a rational function ai' for
i> 0. Sox is rationally equivalent tg.

If X is smooth projective and we take = n — 1, then the Chow group
CH; 1 (X) coincides with the Picard group FX) consisting of divisors modulo lin-
ear equivalence. In the complex case, we can identify thgrsup Pi€ (X) with the
abelian varietyH' (X, 0x)/H' (X, Z). The quotient

NS(X) = Pic(X)/ Pic®(X)

is the Néron—Severi group &, and becomes a subgroup ldf (X, Z) in the exact
sequence (10). It follows that N%) is finitely generated. Much less is known about
the groups CH(X) fork <n—1.

4.2. Mumford’s approach

Rational equivalence was used extensively by Severi ansichisol in the first half of
the 20th century. The groups GHvere subsequently named after W. L. Chow who
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wrote an important review paper in 1956 explaining the dtalproof of the moving
lemma in Weil's language. (We refer to Chevalley’s accouri8i.)

Mumford proved that i is a complex surfacé with p4(S) > 0 then CH(S)
is (in an appropriate sense) infinite-dimensional, conttady assumptions that Severi
had taken for granted. However, Mumford claims to have usei$s own methods
to prove this fact, and writes “One must admit that in thisecieetechniqueof the
Italians was superior to their vaunted intuition” [22].

Fix a pointp, € S, and consider the mapping

sym?s 24 CHo(S),
3 = [E—dpol.

One wants to show thatf,(S) # 0, this fails to be surjective for ang > 1. The idea
is the following. Having chosen a non-ze€0)-form w € HO (S, Q?), the symmetric
product Syn? S inherits a holomorphic nondegenerate form on a dense opearse
the restriction of this form to each fiber af; is zero. The generic fiber dimension is
therefore at most one half that of S§h$, so Im(ay) has dimension at least For
more details, see [38, Section 10.2.2].

For a smooth complex projective surfagewe get the following conclusion:

THEOREM11.
CHo(S)=Z = q(S)=0, py(S)=0.

Proof. We just explained why4(S) = 0 under these assumptions. To see also that
q(S) =0, consider the Albanese variety Al = Jac (S). LetZo(S) denote the set of

0-cycles onS of degred). The induced group morphisﬁb(S) — Alb(S) is surjective
(cf. [36, Lemma 12.11]) and factors through rational eqgneae, be@use there are no
non constant rational maps frofl to an abelian variety. Hence, @Hy(S) = 0 then

Alb(S) is trivial, andq(S) = 0. O

The next theorem is the natural generalization of Mumfotiaésorem, first due
to Roitman.

THEOREM 12. Let X be a smooth projective variety witbHy(X) = Z. Then
H%0(X) =0 forall k > 0.

By Hodge symmetry, the conclusion is obviously equivalertgserting that the Hodge
structure ofH* (X, Q) has coniveau at least This theorem provided the first known
relationship known between Hodge theory and Chow groupshitrary dimensions.

The following stronger statement was proved by Bloch—8aisi The refer-
ences are [5] and [38, Chapter 10].

THEOREM13. LetX be a smooth projective variety wi@Hy (X) =Z. Then the
cohomology oK in positive degree is supported on an hypersurfacé.dflence, it has
coniveau> 1 and the generalized Hodge conjecture holdsHdt X, Q) in coniveau 1.
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Bloch—-Srinivas deduced Theorem 13 from a version of theactanposition of
the diagonal” argument:

THEOREM 14. LetX be defined ove€ with CHy(X) = Z. Then, giverp € X,
there exists an integeX such that

(31) M:=N(Ax—(Xx{p})) € CHn(XxX),
is rationally equivalent to a cycle supported ¥rx X for some hypersurfaceé c X.

Let us postpone the proof, and show how this implies Theorgm 1

Proof of Theorem 13A cycle rationally equivalent t0 is homologous t®, so we get
from (31)
N[Ax =X x{p}] =T in H*" (X x X, Q)g.

This element defines a morphism of Hodge structiirgs: H*(X) — H*(X). Take a
desingularization o

1: Y-Y—oX
and it Tto T supported o x X.

Choosex € H*(X) with k = deg «) > 1. We need to show that maps to zero
in H*(X\Y, Q). We have

N([Ax] = X x {p}]) o= Mo =1 ([[]* o).

Now N[Ax]*« = N«; moreoverX x {p}]*a = 0 sincek > 1. Therefore we get
No = 1, ([I'N*«, which shows thaix vanishes oiX\ Y. O

Proof of Theorem 14We give the idea. The assumption H Z means that, for all
x € X, there exists
¢: C—X

and a rational functiorf € C(C)* such thatd. (divf) = x —p. Such dataC, d,x)
are parametrized by countably many algebraic varietigadether Chow varieties or
Hilbert scheme methods).

SinceX is by hypothesis exhausted by the images (via the third gtiojg) of
these countably many algebraic varieties, a Baire categgyment then shows that
one can find a generically finite coveringX — X of degreeN, a dense Zariski open
setU C X such that’ = X\ U is a hypersurface iX, and with the following properties.
First of all, there is a family of curve® : ¢ — X on X parameterized bﬁ, illustrated
by the diagram
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Secondly, there existse C(€)* such that
(py @).(divF) = (r,id)*(Ax =X xp),
at leastoverUu x X. Thus,
(9, @) (diVF) = (r,id)*(Ax — X x p) +T",

wherel'” is supported oveY’ x X. Now apply(r,id), and puty =r(Y’). The left-hand
side being by definition rationally equivalent @ we get the desired decompaosition.
Note that the integeN which appears in this decomposition is the degree of themmap
above. O

Note that the proof above shows more generally (cf. [5]):

THEOREM 15. Suppose thaZ is a closed algebraic subset &f for which
CHo(X\ Z) = 0. Then for someéN # 0, NA is rationally equivalent to the sum of
a cycle supported ol x X for some hypersurfacé C X and of a cycle supported on
XxZ.

Theorem 14 is the particular cage= {p}. Theorem 15 has many Hodge and cycle
theoretic consequences for which we refer to [5] or [38, Grap0].

4.3. Bloch’s conjectures

The following postulates a converse to the generalized Mudtheorem.

CONJECTURES (generalized Bloch conjecture). Suppose it (X) = 0 for
allk > 0. Then CH(X) =Z.

A refinement of this conjecture, which is natural in view ofébnem 15, is the
following:

CONJECTUREG (Generalized Bloch conjecture). Suppose Hi&af (X) =0 for
all k > r. Then CH(X) is supported on a closed algebraic sulsef X of dimension
at mostr.

By this, we mean that any point is rationally equivalent tyele supported o.

Let us consider the case of a smooth surficeThus we need to prove that
H%0(X) =H"%(X) = 0 implies that CH (X) is trivial. For Conjecture 6, we need to
prove thatH%°(X) = 0 implies that CH (X) is supported on a curve. We can appeal to
Kodaira’s classification of surfaces to achieve the reguéast for Kodaira dimension
less thar2:

If k(X) =—oc0 thenXis ruled over a curv€. As all points in the fibers are rationally
equivalent inX, CHy(X) is supported on any section of the fibratn- C.

If k(X) =0,1andq =0=7pg4, thenX admits an elliptic fibratiorf : X — B. In general
q equals the genus &, so hereB = P'. Suppose first thatt: X — P! has a section.
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Then
Kx =f*Op1 (—m), m>0

(see [3, Corollary 5.12.3]), sk®(X,K?) = 0 andX is rational by Castelnuovo’s theo-
rem. A nice argument has been given by Bloch—Kac—Liebernm@oomplete this case:
If X does not have a section, then the surféte- JadX/B) has a section and the same
irregularity and geometric genus dsalthough the two are not in general isomorphic.
On the other hand, it is an easy lemma thaty©K) = CHy(X'), so CHy(X) = Z.

Bloch also gave a generalization of Conjecture 5 for cowadpnces between
surfaces. We can formulate this as follows.

Let X, X’ be two surfaces. We make no assumption on the geometricaener
Pg,Pg OF irregularitiesq, q’. Let

rcXxXx’
be a2-cycle. Then induces a correspondence

M*:HA(X',Z) — H23(X,Z),
c = PH(PE(C)[FD»

wherep,p2 are the respective projectiodsx X’ — X, X’. This is a morphism of
Hodge structures by Lemma 1. In particuld@ induces a mapping

(32) [r]*Z,O: HZ’O(X,) SN HZ’O(X).

Denoting byCHq(X)ap the subgroup of zero-cycles homologou®tand annihilated
by the Albanese map, our 2-cydlealso gives rise, by functoriality of the Albanese
maps with respect to correspondences, to a homomorphism

(33) I CHo(X)ab— CHo(X")apy z=p2«(prz-T).

(We refer to [13] for the basic results on functoriality peofles of Chow groups and
intersection theory).

CONJECTUREY (Generalized Bloch conjecture). [If|* =0in (32) thenl, =0
in (33).

REMARK 8. We point out that this conjecture implies Bloch’s conjeetfor
surfaces in its strong form Conjecture 6. Take= X andl" = Ax the diagonal, so that
both maps (32) and (33) are the identity. SipegS) =0, we havell'*2:° =0, hence
Conjecture 7 says th@f =id acts as zero o@Hg (X)ap. It follows thatCHg (X)ap = 0.
On the other hand, the Lefschetz theorem on hyperplane@ssahows that if : C —
X is a smooth ample curve, the map Alb C — Alb X is surjective. Combining both
statements, we conclude that CHo(C) — CHo(X) is surjective.
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4.4. Surfaces with trivial CHg

This section is mainly devoted to a study of quintic Godeaurtages, and a proof of
the fact that they satisfy the Bloch conjecture. The refeesrare [38, Section 11.1.4]
and [34]. A separate example covers more briefly the casertd\Ba surface.

Having chosen coordinates &1, the groupG = Z/5Z of order 5 acts by
(XO)X1 »X23X3) — (XO» X1 C) XZCZ) X3C3))

where ¢ = e?™*/>. Choose a polynomiaf € HO(IP3,0(5)) invariant by . If Fis
generic, it defines a smooth surfé&e- V(F) on whichG acts without fixed points:

S
¢ |
X=S/G
An obvious candidate fa$ is the Fermat quintic defined by the equation
X3 +x7 +x3 +x3 =0.

The quotienX = S/G is a smooth surface with ample canonical bundle bec&unses
ample canonical bundle and the action is fixed point frees kniown as the quintic
Godeaux surface (Godeaux was a Belgian mathematician addrdgtof Enriques).
SinceKg = O (1), it follows that

HO(X,Kx) = H°(S,Ks)C =0.

Moreover,q(S) = 0 by the Lefschetz hyperplane section theorem, and thus wee als
haveq(X) =0.

THEOREM 16 (Voisin [34]). The surfaceX =S/G hasCHp (X) =Z.

This result was previously known for particular cases, sagthe Fermat surface itself
(Inose—Mizukami [18]). Also Kimura [20] proves it whexis rationally dominated by
a product of curves (this also works for the Fermat surface).

Proof. We know by [26] thatCHy (X) has no torsion, since A = 0. The statement
of the theorem is thus equivalent (by taking the pullbgétk CHp (X) — CHo(S) by
the quotient may : S — X, which satisfies]. o " = 5Idcyy, (x)) to the assertion

CHo(S)€ =Z.
The groupaﬂo(S)G of invariant cycles of degre@ is generated by-cycles of the

form G[x] — G[y] for pairs of pointsc,y € S, whereG|[x] denotes the orbff_{_, [¢'x],
a0-cycle of degre&. So we need to show th&t[x] = G[y] in CHg(S).
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One can check that diki® (P3,0(5))S = 12, so for any two points,y € S
there is an invariant polynomial of degrees that vanishes at botkh andy, and (by
the Bertini theorem) that the curve

C: F=F =0

is smooth. Lej: C — S be the inclusion. It is sufficient to show that

jS: CHo(C)S — CHo(S)¢
is zero, sinceG[x] — G[ly] belongs to IS for x,y € C. Recall thatCHoy = CHS
denote®-cycles of degre@, so

CHo(C) = JadC) = Pic®(C).

Now consider the pencil db-invariant surfacesS, : t € P'}, where
S¢ = V(F+tF)).
One ha#H%°(S,)G =0 since eacls, is defined by &-invariant polynomial of degree
5, so we have a Hodge substructure
HZ(St) Q)G C HZ(St) Q)

in which the left-hand side is generated by classe&-@fivariant divisors or (of
degree0, because we are dealing with primitive cohomology). Thideid follows
from the fact thaH?°(S;)S = 0 and from the Lefschetz theorem 6h 1)-classes.

It now follows that there exists a branched covering
D —P! R

whered € D parameterizes paif§, Lq) witht =r(d) andLq4 is aG-invariant degree
0 line bundle orfS, and satisfying the following property. Consider the fanpit 8§ —
PP', with fibrep—'(t) = S¢. The morphism of local systems

RnQ — R2p.Qg
Tq = c1(La)

is surjective (at least on the Zariski open set where bathdp are submersive).

As we know that the invariant rational cohomology of degkeaf S, is gen-
erated by classes d@f-invariant curves irSy, this is proved using a Hilbert scheme

argument (for curves in fibe%), together with the fact theﬁzp*(@é3 is finitely gen-
erated ovef).

Let j: denote the inclusiorlC — S¢, the correspondencé = (S¢, L) — jiL
determines a morphism, i.e.

JadD) ¥ JadC)S

d=(Sy, L) —  JjiL.

The main point of the proof, for which we refer to [34] or [38,.1.4], is the following:
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LEMMA 4 ([38, Lemma 11.17])ap(D) generatesladC)S as a group modulo

the images;, Pic(SNti)g of the Picard groups of the desingularizations of the siagul
fibers in the pencil.

To conclude the proof of Theorem 16, recall that we want tostiat
jo: JadC)® — CHy(S)

is zero. We know by Lemma 4 that the left-hand side is genérayethe image of
Pic(D) in JadC)C. Therefore, we must show that every element of the set

{]’{L :Le PiC(St)g =CH;, (St)(();}v

maps to zero in CHl(S). (The subscripd indicates classes homologous, and therefore
rationally equivalent, to zero iR3.) With reference to the diagram
k
p> & S, <% p3
i\ an
C

we have the following equality in the Chow gro@-Io(S) (cf. [13]):
j«(GtL) = K" (ke L).

But the right-hand side is zero becausgL, being homologous t0, vanishes in
CH; (P3). It follows thatj.(jL) = 0in CHo(S), which finishes the proof. O

The proof above uses an ad hoc argument. The Bloch conjeststi#l open
for fakeP?’s, which are also surfaces of general type wjthe pg =0.

ExampLE 3 (The Barlow surface). R. Barlow constructed an example of a
simply-connected surface of general type with geometricuggy = 0 and trivial
Chow group CH =Z (see [1, 2]).

Let K = Q(+/23), and letl" be the principal congruence-subgroup in the group
SL,(0k), andT(2) be the principal congruence-subgroup of level 2. Tlign=
O /20x is a field of 4 elements, anidT(2) = SL,(IF4). FactoringSL,(FF4) by its
center, we see th&tl, (IF4) is the binary icosahedral group, i.e., a central extension

1—27/2—SLy(F4) = As — 1.

LetS =H™ /T, whereH™ is the upper half-plane with respect to the fractional-
linear action ofl" corresponding to two complex embeddings of the fi€ldrhenS is
called the Hilbert modular surface (cf. Van der Geer's bd@i), and has a (singular)
compactificatiory = S. The surfac& has an action of the grodpl'(2) = As. One can
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show thap 4 (\7) =4 (where? is the resolution of singularities of, easily constructed),
and the canonical map— P3 factors as

\7—>Y—>Q—>IF’3,

whereQ =Y/(o) ando is the central element ifiL; (F4). Using modular forms, one
can show that the image @f in P3> has model irfP* given by the equations

ny = O, 4TL5 f5TL2TL3 = 0,

wheren; = Y x! is the Newton’si-th symmetric function of the coordinates .
The symmetry of this equation reflects thg action onY andQ.

There is a “twisted” embedding d?5 into the binary icosahedral grou§o5,
and the factoB = Y/D5 (or its smooth model) is the Barlow surface:

Y
2N
Q B

One can show thaty(B’) = 0 =71 (B) (a computation of O. Shvartsman.). More
interestingly, one can prove using the same method as Imasklzukami that

CHo(B) =0.

Barlow’s proof proceeds as follows. The surfaes the quotienB = Y/D5, and thus
CHo(B) ®Q = (CHop(Y) ® Q)Ps [13]; we thus need to study the action®f= D5 on
CHo(Y)® Q. There is a natural map

a: Q[G] — EndCHo (Y)g,

and the vanishing oéT—|o(B)Q is clearly equivalent to the statemeatz(G)) = 0,
wherez(G) = deG g. By studying the ideal generated byDs) in Q[G], Barlow
proves that there are two other subgropsand G, in the groupl/T'(2) acting on

Y such that the ideal generated b§G) is contained in the ideals generated by the
elementx(G1) andz(G;). But then the surface¥/G; andY/G, are special (not of
general type), and the Chow groups can be computed in alfi@igard way, and
turn out to be trivial.

5. Further topics

Let us summarize material from the last two sections, befdgreducing some more
advanced research material.

The generalized Hodge conjecture (Conjecture Zhis states that, given a Hodge
substructurd. of H*(X, Q) of coniveaur, it is supported on some closed algebraic set
of codimension at least(meaning the classes vanish X Y).
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Projective hypersurfacesiven a hypersurfack of degreed in P™, the Hodge struc-
tureL = H™'(X), has conivead if and only if X is a Fano hypersurface. We gave
two proofs of the generalized Hodge conjecture. One usireglas in Subsection 3.3.
The second using Theorem 13 saying that Xnyith CHy (X) = Z hash*:°® = 0 for

k > 0, and satisfies the generalized Hodge conjecture in conilzeau

The Bloch conjectureThis states conversely thit<:° = 0 for all k > 0 implies that
CHo (X) =Z. We focussed on surfaces, giving a proof for any quintic Goaesurface.

In Section 5.1, we shall give an alternative approach to tbelBconjecture for
surfaces, which works for surfaces wiply = q = 0 that are rationally dominated by
curves. We shall begin by stating the nilpotence conjedtae says that correspon-
dences inX x X homologous to zero are nilpotent for the composition of egpon-
dences in CKX x X)q.

We shall prove the nilpotence conjecture for cycles algeblg equivalent to
zero. We discuss a kind of converse to the Mumford theorelyingeon validity of the
generalized Hodge conjecture for conivdaand the nilpotence conjecture.

Section 5.3 will be devoted to explaining a strategy to &tthe generalized
Hodge conjecture for coniveauhypersurfaces, which is a wide-open problem.

5.1. Nilpotence conjecture and Kimura’s theorem

Let X be smooth projective, anld C X x X a correspondence. Given a second such
“self” correspondencé&’, we can construct the compositidho I" using the diagram

Xx X
Tms
Xx XxX
P12 P23
v N
Xx X XxX

to set
Mol :=(p13)« (P12l P2sT").
It is a fact that
(Mol)y=T/oT,
as maps CKX) — CH(X).

The following essential conjecture is proved by Kimura ta@b@mnsequence of
his “finite dimensionality conjecture”, and remains open.

CoNJECTURES (Nilpotence conjecture). Suppose tliae CH(X x X) is ho-
mologous to zero. Then there exists a positive intdgstch thal™™ = 0 in the group
CH(X X X)Q.

The following result is proved independently by Voevodshky &oisin.
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THEOREM 17 (See [32, 35]).The nilpotence conjecturie known to hold for
cycles algebraically equivalent to

Proof. Let ' € CHY(X x X), d = dimX, be algebraically equivalent to zero. This
means that there is a curethat we may assume to be smooth, a zero cycie
CHo(C) homologous td, and a correspondendec CHY(C x X x X) such that

I=Z.(z) in CHY(X x X).

For any integek, we can construct a correspondetfiec CHY(C* x X x X) using
the composition of the cycles,, t € C. Namely, we defin&y by the formula

Zi(t1y.e.yti) =Z(ty1)o...0Z(tk), t1,...,tx€C.

By definition, we get
% = Zy (29),
where the product® € CHy(C¥) is defined as iz - ... - pri.z.
The proof concludes with the following easy fact (see [38nbea 11.33]):

LEMMA 5. For a zero cyclez homologous t® on a smooth curv€, the cycle
z* vanishes inCHy (C¥) for k large enough.

O

Returning to the general case, Kimura established thedoilpresult.

THEOREM 18 (Kimura'’s theorem).If X is dominated by a product of curves
thenX satisfies Conjecture 8.

The proof of this theorem is rather tricky, and would be ouplaice in here. We refer
the reader to [20]. IK is a surface, it is in fact sufficient thatberationally dominated
by the product of two curves to conclude the validity of Cahjee 8.

We prove next the following beautiful application:

THEOREM 19. Conjecture 8 implies Bloch’s Conjecture 5 for surfaces with
Pg = q = 0. In particular, Bloch’s conjecture is valid for surfacestwipy = q =0
that are rationally dominated by curves.

Proof. By Lefchetz’s theorem, singey = 0, we know that
H?(X, Z) = ([C3])

is generated by classes of curves. Sigce 0, the Kiinneth decomposition of the
diagonal takes the following simple form:

Al € (HO@H*) @ (H?@H?) @ (H*®@HO°),
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and asH? (X, Q) is generated by the classgx], we may write
(34) [Ax] = X x{x}] + Znij [Ci x C] + [{x} x XI.
Consider the cycle

M= Ax—(Xx{x)—) ni;Cix Cj—({x}xX)

that is a linear combination @figebraiccycles. Then by (34)]"] = 0. The nilpotence
conjecture implies that there is a positive intetyesuch tha™™ = 0in CH; (X x X)g.
Hence,

(NN = (MM, CHo(X)g — CHo(X)g

is zero. Butl’, acts as the identity on the groﬁ;ﬁ-lo (X) of cycles of degreé, sinceAx

acts as the identity, but other terms act triv@ly. (Formapée,y = X x {x} acts trivially
on CHop (X) because, (z) = (degz)x.) ThusCHop(X) =0. O

REMARK 9. Looking more closely at the proof and introducing Murree@’s
Kinneth decomposition [23], one sees that the proof abowdd\ghow as well that
Conjecture 8 implies Bloch’s conjecture 6 for surfaces wigh= 0.

5.2. A converse to Mumford’s theorem

The next theorem provides a converse to the generalized bhdritheorem 12, under
the generalized Hodge conjecture and the nilpotence comgec

THEOREMZ20. LetX be a smooth projective variety wittf:®(X) = 0 for k > 0.
Assume that:

(i) The generalized Hodge conjecture holdsXoin coniveaul.
(i) The Hodge conjecture is true forx X with dimY < dimX.
(i) X satisfies the nilpotence conjecture.

ThenCHy (X) = Z.

The list of hypotheses may seem over the top, but this is thealageneralization of
Theorem 19.

Proof. Here is a sketch. We work again with the diagonal C X x X and its cycle
class
[Ax] € (H(X,Q)@H>"™(X,Q)) @ -
We have
[Ax] =X x{x})] mod @ H*@H k.
k>0
The generalized Hodge conjecture implies that there &xist codimensionl and a
resolutioni: Y — Y — X, so that

1o HE2(Y) — HE(X).
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is surjective, as previously explained. Hence
[Ax\ (X x{x)] € Im ((?,id)*: HZM=2(Y % X) — H2™ (X x X)) .

On the right we have a Gysin map and thus a morphism of Hodgetstes.

Semisimplicity gives an orthogonal decomposition of Hodgectures in the
spaceH?™2(Y x X), and this implies that

(35) [Ax — (X x (x))] = (1, id).B,

wherep is a Hodge class o¥f x X. We now finish the argument as before: the Hodge
conjecture orY x X implies thatp equals a clas&Z] with Z a cycle inY x X. Put

I'= AX - (X X {X}) - (1»|d)*z)

so that[I'] = 0 by (35). It follows thatrl, is nilpotent, yetl, acts as the identity on

CHo (X), sinceZ, is zero onCHy (X) (asZ C Y x X with Y & X) and forz € CHo (X),
(X x{x})«(z) = (degz)x in CHy(X). Therefore CH(X) =Z. O

5.3. Coniveau2 hypersurfaces

This concluding lecture follows closely [40]. The genezal Hodge conjecture for
smooth complex projective varietiéshas been already stated as Conjecture 4. Given
a Hodge substructure ¢ H¥(X, Q) of coniveaur, there should be a codimension
closed algebraic subs¥tc X such thafl vanishes under restriction ¥0\ Y. There is

the following more precise formulation, which is equivalgone knows the Lefschetz
standard conjecture:

CONJECTURE9. Given a Hodge substructutec H*(X, Q) of coniveaur,
there should exist a smooth projective varigtgf dimensionmn — 2r, wheren = dimX,
and a cycle” C Z x X of dimensionn —r, such that the image of the morphism of
Hodge structures

(36) e Hk—ZT(z)Q) — Hk(x> Q)
containsL.

This formulation is interesting as it shows that solving ¢iemeralized Hodge conjec-
ture for coniveau Hodge substructures has to do with the study-ofcles onX.

The precise relationship between Conjectures 9 and 4 idlas/o Conjecture
9 clearly implies Conjecture 4, since the imagé.oih (36) is supported on pfSuppl)
which has dimensiost n—r. In the other direction, assume Conjecture 4 holds for
L. As we saw there, there is then a smooth projective vaitetf dimensionn —
r, and a morphisnj : Y — X, such thatl is contained in Infj, : H*"27(Y,Q) —
H¥(X, Q)). The Lefschetz standard conjecture foimplies now that there exists a
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smooth projective variety of dimensionn —2r, and a cycld” C Z x Y of dimension
n —r, such that the morphism of Hodge structures

(37) It H27(Z,Q) — H*27(Y,Q)

is surjective. The cycléld,j)(T") C Z x X then satisfies the conclusion of Conjecture 9.

We consider now conivealihypersurfaceX of degreed in P™. The Griffiths
condition (Theorem 9) is. > 2d. In view of the above reasoning, it is tempting to
solve the generalized Hodge conjecture for them by cortstiginteresting2-cycles.

If we look at the first proof we gave for coniveduwhich involved lines inX), it is
even tempting to look at planes containedinThis however does not work at all, by
a simple dimension count which shows that a general hygaiof degreel in P™
contains a plane only §(n—2) > W. As the right hand side is quadratic in
d, this certainly does not help to deal with the general sibmat > 2d. Note however
that in the range

3n—2)— (n—5)> (LFIE*2)
planes inX sweep out a codimensiah subvariety ofX, and one can use them to
conclude that the generalized Hodge conjecture holds faveau2, and also to prove
that CH; (X)g = Q (cf. [24], [38, 9.3.4]).

The paper [40] proposes an alternative way to attack thergkred Hodge
conjecture for conivea hypersurfaces, and shows that it would be a consequence of
Conjecture 10 concerning cones of effective cycles.

5.4. Big classes

Let Y be a smooth projective variety. For aky< dimY, one can consider the real
vector spaced?*(Y) c H2k(Y,R) generated by classes of algebraic cycles of codi-
mensiork. It contains a convex cone Eff(Y) which is the convex cone generated by
classes of effective cycl€s ; niZ;, withn; > 0.

DEFINITION 8. A codimensiork cycle clas$Z] € A2%(Y) is said to bebig if it
belongs to the interior of the effective coB&2*(Y).

Let nowZ C Y be a smooth subvariety of codimensibnWe will say thatZ
is very movabléf the following holds: for a generic poinj € Y and a generic vector
subspac&V C Ty, of codimensiork, there is a deformatioA’ of Z in Y which passes
throughy with tangent spacéz, , = W. The following conjecture is formulated in
[40]:

CONJECTUREL0. The clas$Z] € A2*(Y) of a very movable subvarie® c Y
is big.
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5.5. Application to coniveau2 hypersurfaces

Let X C P™ be a generic smooth degraéypersurface. For a generic polynomigd
HO(X,0x(n—d—1)), we get a smooth hypersurfaxg C X, and the corresponding
subvariety of lineg'y C F, whereFy C Gras$2,n+ 1) is the variety of lines contained
in Xg andF C Gras$2,n + 1) is the variety of lines contained X. We have dint =
2n—d—3anddinfg =n—3. The classF4] € A"~ 4)(F) is easy to compute as this is
Cn_q(S™9718), where€ is the (restriction td of the) rank2 bundle on Gragg, n+

1) with fiber H°(O A (1)) over the point parameterizing the lie This however does
not tell us whether this class is big or not, since the ctassy(S™9-'€) is not big
on the Grassmannian.

Recall the incidence diagram
(38) p—ux
},
F
inducing forn > d the injective morphism of Hodge structures

peogq  :H™ (X, Q)o — H 3 (F,Q).

LEMMA 6. (i) For any o € H™ (X, Q)o, n := p. 0 4"« satisfies) g, =0 in

H™ 3 (Fg,Q).
(i) Foranyx € H™ (X, Q)o, 1 := p. o q*a is primitive with respect to the Pliicker
polarization.

Proof. Indeed, consider the incidence diagramXgy.

(39) Py 19X,
J»
Fg

One immediately concludes thqthg =Pg *0oqy (oqxg ). On the other handx being
primitive, it vanishes under restriction ¥q,. This proves (i).

Statement (i) is proved in [29]. O

The main observation made in [40] concerning the geometify,af F is the
following:

PROPOSITION4. Assume thah > 2d. Then the subvarietiels;, C F are very
movable.

We prove now the following:
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THEOREMZ21. Assumer > 2d and Conjecture 10 is satisfied by C F, that is
the clasgFg] is big. Then the generalized Hodge conjecture for conivkmisatisfied
by coniveau> 2 hypersurfaces, that is, their primitive conomology vaashway from
a codimension? closed algebraic subset.

Proof. By assumptionFg] is big, which is equivalent to the fact that it can be written
(40) [Fg] =ml™ 4+ [E],

wherem >0 andt =) ; m;Ey, withm; > 0 (m andm; are real numbers). By Lemma
6, for « € H™ 1 (X)prim, N = p«q*a € H™3(F) is primitive with respect td and

furthermore vanishes drg, with dimFg =n—3. Let us assume thatc HP>9(X)prim
k(k—1

and integraté—1) ~ 2 )iP*qn umn, k=p+q—2=n-3, over both sides in (40). We
thus get

k(k—1) k(k—1)
O:mJ (=7 iP*qL“*ZidiUnUﬁJrJ (=1 z P 9qum.
F E

Asn is primitive, and non-zero ik is non-zero, by the second Hodge—Riemann bilinear
k(k—1)

relations (cf. [36, 6.3.2]), we havf (—1) 2 iP—d-2idiyn Ui > 0. It thus
follows that

k(k—1)
J(—]) 7 P 9qunR <O.
E

Let E = LUE; be a desingularization of the supportfo= _; m;E;, m; > 0. We thus

k(k—1) . .
havezj m; fg) (—1)~ 7z 1P~ 9nun < 0, and it follows that there exists at least one

E; such that

k(k—1)
(41) J (—1)" 2z P 9quUR<O.
S

By the second Hodge—Riemann bilinear relations, the ifégdl) implies tham‘g
)

is not primitive with respect to any polarization, WheENr)eis a desingularization df;.
In particular,mHj # 0, whereH; is an ample divisor off;.
In conclusion, we have proved that the composed map

anr(x)prim p*_‘>:|* HTL*‘I‘*Z(F) - @an‘rfz(Hj)

is injective, where the second map is given by restrictidrwd dualize this injectiv-
ity result using Poincaré duality, we conclude tht—! (X, Q)prim is supported on
then — 3-dimensional varietyJ; q(P;), whereP; — H; is the restriction tdH; of the
tautologicalP! -bundle onF. The result is proved. O
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