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U. Zannier
ON THE HILBERT IRREDUCIBILITY THEOREM
Abstract. We discuss the Hilbert Irreducibility Theorem, presenting briefly a new approach
which leads to novel conclusions, especially in the context of algebraic groups. After a short
survey of the issues and of the known theory, we shall illustrate the main principles and
mention some new results; in particular, we shall state a toric analogue of Bertini’s Theorem
and a lifting theorem for rational points on a cover of a power of an elliptic curve.

1. Introduction
This paper is an expanded version of a ‘Lezione Lagrangiana’, delivered on 12 March,
2009, at the Dipartimento di Matematica dell’Università di Torino. I am grateful to the
Organizers for the kind invitation.
I shall discuss some aspects of the Hilbert Irreducibility Theorem and, in accordance with the general spirit of this series of lectures, I shall not insist on technical
details. I shall present some new results from the recent paper [30] (where complete
proofs may be found). In a way, this prevents me from giving a detailed survey of the
topic from its origin, as I would have desired. Nevertheless I shall start with the basics
of the context and I shall recall many Examples.
Basics of Hilbert Irreducibility Context. The Hilbert Irreducibility Theorem
(HIT from now on) was first stated and proved by Hilbert in 1982 [13]. It roughly
asserts that for polynomials in several variables irreducible over the rational field,
there always exist rational specializations of some of the variables which preserve irreducibility. Hilbert himself proved the theorem for arbitrary number fields k in place
of Q, and later this was extended to other classes of fields. Here we shall always work
over a number field k. Let us state in precise terms one of the basic forms of HIT:
Given polynomials f1 , . . . , fm ∈ k[t1 , . . . ,tr , y] irreducible over k, where r is a
positive integer, there exist specializations ti 7→ ξi ∈ k such that all the specialized
polynomials fi (ξ1 , . . . , ξr , y), i = 1, . . . , m, remain irreducible in k[y].
An amusing and illustrative Example occurs for a single polynomial of the form
y2 − g(t); the theorem now states that if g(ξ) is a perfect square in Q for all ξ ∈ Q then
g is the square of a polynomial. We encourage the possible readers who may expect
this to be too easy, to convince themselves that this is not quite so.
The above one is a natural statement, which may be seen as an arithmetical
analogue of the Bertini Irreducibility Theorem in Algebraic Geometry.1 It has close
connections with the theory of diophantine equations, and admits several important
applications, for instance to the Inverse Galois Problem of the realization of extensions
L/Q with a given finite Galois group.
1 In

fact, Bertini’s Theorem leads very quickly to a function field version of HIT.
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For given f1 , . . . , fm , let us call good a point (ξ1 , . . . , ξr ) ∈ kr with the stated
property, so the HIT asserts the existence of good points, no matter the set of irreducible
polynomials fi . This in a sense concludes the matter; however the main issue becomes
now to obtain properties more precise than existence, concerning the distribution of
good points. Actually, a first result in this sense appears in most statements of HIT,
namely that good specializations are Zariski-dense in kr (which is essentially implicit
also in the above statement).
Many other properties of good points have been proved since the original statement of Hilbert; for instance, they can be taken in Zr and they are distributed ‘densely’
in various meanings: ‘almost all’ points (asymptotically) in Zr are good (Dörge, Siegel,
S.D. Cohen, Bombieri–Pila, Heath-Brown,...), good points contain whole arithmetic
progressions (Schinzel) and they are dense in p-adic spaces (Eichler, Fried,...). (For
these and other properties and for references to original papers we refer to the books
[11, 16, 20, 21]; see also the papers [19, 26].)
In some cases one can even prove the much stronger property of finiteness or
‘degeneracy’ (i.e. not to be Zariski-dense) of the points of kr which are not good. This
always amounts to some finiteness statement for diophantine equations; when it can
be done it lies usually very deep, and in fact very often it is nowadays unaccessible
(except for the case of subvarieties of semi-abelian varieties – e.g. curves – and a few
other situations).
Nevertheless, one does not always expect such degeneracy, and anyway, as in
the above mentioned results, there are other relevant structural properties for good
points which may be proved (which moreover can be amply sufficient in applications of
the HIT). Our results go in this direction, i.e. of proving the existence of good points in
restricted relevant sets. Before presenting them we shall see several explicit instances.
We note that HIT can be formulated in terms of covers, by which we mean a
dominant rational map of finite degree between irreducible varieties. An irreducible
hypersurface f (t1 , . . . ,tr , y) = 0 defines a cover π : Y → Ar , where π is the projection
to the first r coordinates. Then our basic questions can be formulated in terms of the
lifting of rational points t ∈ Ar (k) to Y : when does it happen that π−1 (t) contains a
point in Y (k), or is k-irreducible?
Now, we may change Ar with another variety X. Situations which are obviously relevant occur when X is an algebraic group, because these are the fundamental
varieties where we are able to generate systematically rational points.2 Here we shall
obtain new results for the lifting of points in a dense cyclic subgroup Ω ⊂ X(k), for X
either a multiplicative torus or a power of an elliptic curve: under a necessary geometrical condition on Y (see Definition 1) we prove that π−1 (x) is k-irreducible for each x
in a suitable coset of finite index in Ω.
Note that lifting to Y a point on X may be seen as lifting to Y a map to X; an
important issue in doing this is whether π : Y → X is ramified or not. In fact, this feature
will be the main source of geometrical restrictions alluded to.
Before presenting new results, we insist with some Examples, illustrating many
2 The

original case of HIT is no exception: An = Gna as a variety.
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results on HIT obtained in the past. For use throughout the paper, we immediately
introduce the following:
Notation
- k is a number field, with algebraic closure k̄ = Q.
- kc is the maximal cyclotomic extension of k, i.e. generated over k by all roots of
unity.
- A variety X/k shall be called ‘K-irreducible’ if it is irreducible over the field
K, omitting the reference to K if K = k̄. We note that usually for our purposes
to assume k̄-irreducibility makes no substantial difference: in fact, if X is kirreducible but reducible over k̄, the set X(k) lies in the intersection of the k̄components, and thus we are reduced to study a variety of lower dimension.
- We shall often work with Gnm , i.e. the n-th power of the multiplicative algebraic
group: it is (A1 \ {0})n as a variety, endowed with coordinatewise multiplication.
The torsion points in Gnm are those whose coordinates are roots of unity; their
set shall be denoted T n . We also call a torsion coset in Gnm a translate of an
algebraic subgroup by a torsion point. It is defined by finitely many equations
xa11 · · · xann = θ, where xi are coordinates on Gnm , ai ∈ Z and θ is a root of unity.
(See e.g. [1] for simple proofs of this.) Finally, the multiplication map x 7→ xd is
denoted [d].
Eight Examples
E XAMPLE 1. In the above setting, let us take X = Ga , the additive algebraic
group, and Y some algebraic curve. Also, let Ω = Zξ be the cyclic subgroup of X(k)
generated by ξ ∈ k∗ . Standard versions of HIT say that Ω ∩ π(Y (k)) contains at most
O(T c ) elements of absolute value ≤ T , where c = cY < 1, which yields many ‘good’
points in Ω.3
E XAMPLE 2. In the same situation, Schinzel [17] proved that there exists an
integer q > 0 such that a coset Ω of the subgroup qZ ⊂ Z (i.e. an arithmetic progression
Ω) is disjoint from π(Y (k)).
E XAMPLE 3. The higher-dimensional case X = Gna , with corresponding data
Y, π, is not essentially different because often we may reduce to curves: if for instance
the closure U of Ω = Zξ in X – a line – is such that V := π−1 (U) ⊂ Y is an irreducible
curve, then we may replace X by U and Y by V , and obtain as in Example 1 (many)
points of Ω outside π(Y (k)). The irreducibility of V cannot be ignored, because the
3 Siegel pointed out, through his finiteness theorem on integral points on curves ([16, 20]), the bestpossible value c = 1/2, nowadays obtained also with different means ([12, 26]).
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degree of π on some component could be 1. (We note that a Zariski-dense subset of
lines in X lift to irreducible curves.)4
E XAMPLE 4. Now let X = Gm . As in Example 1, let Ω = {ξr : r ∈ Z} be a
cyclic subgroup of X(k) = k∗ , supposed Zariski-dense (i.e. ξ not a root of unity). Then
one proves (e.g. by Siegel’s theorem on S-integral points) that Ω \ π(Y (k)) is infinite
unless Y is birationally equivalent to an unramified cover of X; namely, π : Y → X
is a factor of [d] : X → Y → X, where the left map is birational. This amounts to
k(Y ) = k(x1/d ) where k[x±1 ] = k[Gm ]. (This has been observed by Dèbes [7] in another
language; for different proofs see [5].)
Note that the restriction on Y here is genuinely geometric and independent of
k. By extending possibly k, this becomes necessary, since if k(Y ) = k(x1/d ) we have
Ω ⊂ π(Y (k)) if ξ ∈ (k∗ )d . We see here a first instance of the relevance of ramification
in this context.
Another remark is that, under the said assumption, here Siegel’s theorem yields
the expected finiteness of Ω ∩ π(Y (k)). In higher dimensions in general the question
of finiteness remains at the moment very far (but see [5], Thm. 2, for results on the
so-called dominant root assumption).
E XAMPLE 5. Let now X = Gnm . Contrary to the case of Ga , to work in arbitrary
dimension n presents substantial new difficulties. This is because already a cyclic group
Ω = ξZ may well be Zariski-dense in X: this happens when the coordinates ξ1 , . . . , ξn
of ξ are multiplicatively independent, as we now assume. In this case we cannot reduce
to the case of curves (if n > 1).
The alluded obstacles appear already when Y is a cyclic cover defined by yd =
f (x1 , . . . , xn ), with π(y, x1 , . . . , xn ) = (x1 , . . . , xn ). To illustrate this, let us suppose that
Ω ⊂ π(Y (k)), i.e. that f (ξr ) is a d-th power in k for all r ∈ Z. Note that the f (ξr ) are
the values of a linear recurrence, so we fall in the so-called Pisot d-th root conjecture;
in the present language it predicted that f is then a d-th power times a monomial. As
in Example 4, this amounts to Y → X being unramified. Now, this conjecture was
established in [27], with a method at the basis of what we are going to discuss.
Contrary to the case n = 1, no general finiteness conclusions are available to
date. For some results we refer to [5] or [29], which however use methods unrelated to
the present paper.
E XAMPLE 6. Let again X = Gnm , but this time let us work not over a number
field k but over the cyclotomic closure kc of k, generated over k by all roots of unity. We
take Ω ⊂ Gnm (kc ) to be the group of all torsion points. In the paper [8] it is proved in
particular that either the cover Y → X is unramified, as in Example 4, or Ω ∩ π(Y (kc ))
is contained in a proper subvariety of X (which turns out to be a finite union of proper
torsion cosets of X). See Theorem 5 below.
We shall emphasise how this has strong implications also in the case of number fields.
4 This case n > 1 becomes more difficult if we seek good quantitative bounds. See [20, 21] for an account
of bounds by S.D. Cohen, and [15, 12] for other methods originated by [2].
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E XAMPLE 7. The methods can be applied also to products like Gnm × Ga , as
in [9] in the context of linear recurrences. The paper [4] by Corvaja, relying for the
arithmetic on [9], obtains an elegant generalization of this to arbitrary linear algebraic
groups.5 It is proved in particular that if X is such a group, if Y is smooth and π
is finite, then either Y → X is unramified or any Zariski-dense semigroup Ω ⊂ X(k)
contains good points.
E XAMPLE 8. Given these results, the problem arises of what happens for X an
abelian variety, taking again Ω ⊂ X(k) to be a dense subgroup. This is stated at p.
53, §5.4 of [21]. If X is an elliptic curve, then Faltings’ finiteness theorem settles the
question: either Y has genus > 1 and then Y (k) is finite, or Y → X is an isogeny; so
we have a result analogue and stronger than the above ones. However, already the case
X = E 2 for an elliptic curve E seems to escape from known results. In the final section
of this paper we shall see that this context can be sometimes dealt with by the present
methods, by stating as Thm. 2 a HIT for covers of E n .
Here we shall very briefly describe a new systematic approach to such questions,
including and going beyond the Examples. This method consists of two main stages
and may be very roughly described as follows:
(A) To prove a suitable (explicit) HIT over a big cyclotomic field, of infinite degree
over Q.
(B) To transfer the irreducibility to points over a number field.
A relevant issue here is that, somewhat surprisingly, HIT may be proved directly over
the big field, actually for explicit specializations at torsion points (as in [8] – Theorem
5 below)6; hence (A) applies. Then the transfer (B) leads to sharp new versions of HIT
over number fields. This step involves Chebotarev Theorem, which may be seen as a
0-dimensional version of HIT.
It turns out that all of this, especially the group structure of torsion points, leads
to the sought additional conclusions on the location of ‘good’ specializations, in the
context of algebraic groups.
We now introduce a natural and most relevant geometrical condition on the
covers, which shall turn out to be necessary and sufficient for our purposes.
For X a commutative connected algebraic group, we let [m] : X → X denote the
multiplication map. By ‘irreducible’ we mean throughout ‘k̄-irreducible’ (supposed for
all X,Y in a cover).
D EFINITION 1. We say that the cover π : Y → X satisfies the condition (PB)
(‘pull-back’) if for any integer m > 0 the pull-back [m]∗Y := X ×[m],π Y is irreducible.
5 To reduce to G and G the arguments consider subgroups generated by a single matrix; the component
m
a
of the identity in the closure of such a subgroup is isomorphic to Gnm × Gea , e = 0,1.
6 Kuyk proved (see [25]) the hilbertianity of cyclotomic fields, and much more, but such – interesting –
methods and results play no role here.

6

U. Zannier

For instance: if X = Grm and Y : f (x1 , . . . , xr , y) = 0, the condition (PB) means
m
s
that f (xm
1 , . . . , xr , y) is irreducible for all m > 0. For X = Ga , one similarly finds that
(PB) is always trivially verified.
R EMARKS 1. (i) Note that this condition is unavoidable for our lifting issues. In
fact, suppose that [m]∗Y is reducible, equal to the union U ∪V of proper closed subsets.
Let Ω be any finitely generated (dense) subgroup of X(k). By enlarging k to a finite
extension, assume that U,V are defined over k and that Ω ⊂ [m](X(k)). Let x ∈ Ω and
write x = [m]x′ for x′ ∈ X(k). If π(y) = x, the pair (x′ , y) is in [m]∗Y (k) = U(k) ∪V (k).
For ‘general’ x, this yields a nontrivial splitting of the fiber π−1 (x) into two subsets
defined over k, so π−1 (x) cannot be k-irreducible.
(ii) It may be proved in a simple way (see [30]) that this condition holds if and only if it
holds for m = deg π (so it is a ‘computable’ condition) and if and only if the map π has
no nontrival isogeny factors. Note that when π itself is an isogeny up to birationality,
then (if deg π > 1) not only we cannot guarantee irreducibility of π−1 (x), but for large
enough k we shall have Ω ⊂ π(Y (k)).
Note finally that these conditions involve ramification: in fact, isogenies yield precisely
the unramified covers of algebraic groups. (That this plays a role in lifting points is no
surprise, in the same way it plays a role in lifting maps, as in classical monodromy
theory.)
Let us now give some statements, starting with the case X = Grm .
T HEOREM 1. For i = 1, . . . , h, let πi : Yi → X := Grm be a cover satisfying (PB).
Then, if Ω is a cyclic Zariski-dense subgroup of X(k), there exists a coset C of finite
index in Ω such that for all x ∈ C and for all i = 1, . . . , h the fiber π−1
i (x) is irreducible
over k.
This result immediately implies a sharp form of the so-called Pisot d-th root
conjecture, proved in [27] with a method at the basis of the present one.
In the context of abelian varieties, we have the following analogue for powers
of an elliptic curve E without CM:
T HEOREM 2. For i = 1, . . . , h, let πi : Yi → E n be a cover satisfying (PB). Then,
if Ω is a cyclic Zariski-dense subgroup of E n (k), there exists a coset C of finite index in
Ω such that for all x ∈ C and for all i = 1, . . . , h the fiber π−1
i (x) is irreducible over k.
Theorem 1 looks similar, but can be obtained more rapidly, due to our results
for cyclotomic fields for which we have no counterpart for fields generated by torsion
points of abelian varieties (see §4). So, Theorem 2 requires additional and more delicate arguments, and we have stated it separately.
Our next result is a simple application of the method in the function field context: we offer a toric analogue of Bertini Theorem, where algebraic subgroups of Gnm
replace linear subspaces. We denote by θG the translate of the algebraic subgroup G
by the torsion point θ.
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T HEOREM 3. Let π : Y → Gnm be a cover satisfying (PB). Then there is a finite
union E of proper connected subgroups of Gnm such that if a connected subgroup G is
not contained in E , then π−1 (θG) is irreducible (over Q) for every torsion point θ.
We note that also here condition (PB) cannot be omitted. The Bertini Theorem
may be seen as a version of a similar statement for Gna ; a main difference is that in the
present case the algebraic subgroups form a ‘discrete’, rather than algebraic, family,
with degrees tending to infinity.
Here is a polynomial version of the theorem: Let f ∈ Q[x1 , . . . , xn , y] be of
degree d > 0 in y and such that f (xd1 , . . . , xdn , y) is irreducible. Then there is a finite union H f of proper subgroups of Zn such that if (a1 , . . . , an ) ∈ Zn \ H f , then
f (θ1 t a1 , . . . , θnt an , y) ∈ Q[t,t −1 , y] is irreducible for all roots of unity θ1 , . . . , θn .
n−1
In particular, the Kronecker’s substitution (x1 , . . . , xn ) 7→ (t,t m , . . . ,t m ) preserves the
irreducibility over Q of a polynomial f as above, for all integers m large enough in
terms of f . (We wonder whether it suffices that m > M0 (deg f ).) For results in the
same direction, but only over Q, not Q, and with an additional assumption on f (not to
be self-inversive in the xi ), see [18].

2. A lifting theorem and applications to HIT for covers of algebraic tori
In this section we state, in particular, a lifting theorem and an application to a HIT
for covers of algebraic tori. The proof, which we only sketch, uses the combination
of parts (A), (B) of the method, just mentioned. To emphasise the essentials we have
sticked to simplicity. We denote by | · |v the sup-norm with respect to a place v:
T HEOREM 4. Let Y be a kc -irreducible variety and π : Y → Gnm be a cover
satisfying (PB). Then there is a finite union E ⊂ Gnm of proper torsion cosets with
the following property: if ζ ∈ T n \ E there exist infinitely many places w of k(ζ), of
residual degree 1 above l = w|Q , such that π(Y (k(ζ))) does not intersect the set {x ∈
k(ζ)n : |x − ζ|w < 1}.
R EMARKS 2. (i) Note that l = w|Q splits completely in Q(ζ), because its residual degree there is 1. Note also that the set {x ∈ Qn : |x − ζ|w < 1} is not empty, again
because the residual degree of w|l is 1. In particular, this set contains a whole residue
class in Zn /lZn . For instance, if n = 1, if ζ has order m and if ξ ∈ Q has order h modulo
l, for some a coprime to h the set contains the powers ξa+hm , all m ∈ Z. Many other
similar Examples may be given.
(ii) Inspection shows that the result is effective, in the sense that, given Y, π, one may
calculate: equations for the set E , roots of unity ζ and places w|l with the relevant
properties.
Before sketching a proof of this theorem, let us state a crucial result from [8],
representing part (A); more precisely, we need a consequence of [8, Thm. 1], which
can be deduced by a purely algebraic argument (see [30]). It is an explicit HIT for
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torsion points over cyclotomic fields.
T HEOREM 5. Let Y be a kc -irreducible variety and π : Y → Gnm be cover satisfying (PB). Then there exists a finite union E of proper torsion cosets such that if
ζ ∈ T n \ E then ζ ∈ π(Y ) and if π(u) = ζ, then [kc (u) : kc ] = deg π.
We note that also here the condition (PB) is necessary for the conclusion.
• On comparing Theorem 5 and Theorem 1, we may say, so to speak, that the property of ‘being good’ spreads out and transfers from torsion points ζ to whole w-adic
neighborhoods of them; this is the transfer principle (B) alluded to above.
Proof of Theorem 4. We may apply Theorem 5 to Y, π, so let E be the finite union of
proper torsion cosets mentioned there. There is a proper subvariety E ′ of Gnm such that
the fiber of π outside E ′ has exactly d-elements (even in a projective closure of Y ). The
Zariski-closure of the torsion points in E ′ is another finite union of torsion cosets; by
enlarging E we may suppose this union is contained in E . Now, for a torsion point
ζ 6∈ E let u ∈ Y (k̄) be such that π(u) = ζ. By the corollary, u exists and we have
[kc (u) : kc ] = d.
In the sequel, we shall tacitly assume that this is the case for the ζ in question.
Let H = Hζ be the Galois group of the normal closure K = Kζ of k(ζ, u)/k(ζ). (Note
that K depends in fact only on ζ, not on u because [kc (u) : kc ] = d, and we have K =
k(ζ, u1 , . . . , ud ) where ui are the elements of π−1 (ζ).)
It is a well-known simple fact (attributed to Jordan – see [22]) that H cannot be
the union of conjugates of a proper subgroup.7A subgroup B of a finite group H has at
most [H : B] conjugates, all of which contain the origin. Hence if B 6= H their union
contains < [H : B] · |B| = |H| elements. Therefore, since k(ζ, u) 6= k(ζ), there exists an
element g = gζ,u ∈ H such that ugτ 6= uτ for all τ ∈ H.
We now apply the theorem of Chebotarev to the normal closure K ′ of K/Q.
There exists an element σ ∈ Γ := Gal(K ′ /Q) which restricts to g on K. In particular, σ
fixes k(ζ) pointwise. We obtain the existence of infinitely many places l of Q (in fact a
set of positive density), unramified in K ′ and such that the Frobenius class of l in Γ is
the class of σ. Let then v be a place of K ′ above l with Frob(v|l) = σ, and denote by w
the place of k(ζ) below v. We let {u1, . . . , ud } be the fiber of π above ζ and we choose
l large enough so that u1 , . . . , ud are defined and remain distinct modulo v (recall that
they are distinct) and so that Y, π have good reduction at v.8
Since σ fixes k(ζ), the residual degree of w|l is 1. Let a ∈ Gnm (k(ζ)) be such
that |ζ − a|w < 1 and consider the fiber of π above a. Suppose that there is an element
b ∈ Y (k(ζ)) so that π(b) = a. Then π(b) ≡ ζ (mod v); hence the reduction of b at v is
defined and b ≡ ui (mod v) for some i. In fact, otherwise the fiber above the reduction
of ζ, in a projective closure of Y , would contain more than d elements and the same
would be true for the fiber above ζ (e.g. by Hensel lifting, or simply by good reduction,
8 We need just a simple concept of ‘good reduction’, i.e. we suppose that the reduction of Y,π is defined
and has still the same degree. Usually good reduction includes that the reduction of Y is irreducible, which
however is not needed for the argument here.
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on taking l large enough so that ζ does not lie modulo v in the ‘exceptional’ variety E ′
mentioned in the opening argument).
Now, bσ = b, whence uσi ≡ ui (mod v), because σ fixes v. However any ui is
a conjugate over k(ζ) of u, so of the shape uτ for a τ ∈ H. Hence σ does not fix any
of the ui and permutes them, so we would have ui ≡ u j for some i 6= j, a contradiction
which proves that no bi can be defined over k(ζ), proving the sought conclusion.
There are several possible variations on Theorem 4 and its proof, which we have
not pushed to greater generality for the sake of simplicity. For instance, we also state
the following sharpening, whose proofs need only a few modifications in addition to
the previous arguments:
Refinement. Under the same assumptions, let F be a number field, Galois over k(ζ)
and such that [F : k(ζ)] is not divisible by any prime smaller than d = degπ. Then in
the conclusion we may further prescribe arbitrarily the Frobenius class in Gal(F/k(ζ))
of the relevant place w|l.
Let us derive Theorem 1, in the weak form h = 1 for simplicity. We have a
Zariski-dense cyclic subgroup Ω = {ξr : r ∈ Z} of Gnm (k). We write ξ := (ξ1 , . . . , ξn );
since Ω is Zariski dense, the ξi are multiplicatively independent elements of k.
Let us assume that Y → Gnm satisfies (PB). For a large prime p, let us choose a
torsion point ζ of exact order p, satisfying the conclusion of Theorem 4: note that for
large p we may choose it out of the proper algebraic subset E . By the hypothesis on ξ,
we have that for all large enough p the coordinates ξi have multiplicatively independent
classes in k(ζ)∗ /(k(ζ)∗ ) p . This independence is not difficult to check: if a product
ξa11 · · · ξann is nontrivially a p-th power in k(ζ)∗ then it is a p-th power in k∗ (for [k(ζ) : k]
divides p − 1). Find now with a well-known Dirichlet Lemma an integer q 6= 0 so
that the qai have ‘small’ residues bi mod p, say |bi | < εp; then ξb11 · · · ξbnn is also a
p-th power, say η p , η ∈ k∗ , but has height < nεp max h(ξi ), so h(η) < nε max h(ξi ).
For large enough p one can take an arbitrarily small ε, which eventually forces η and
ξ1b1 · · · ξbnn to be roots of 1, contrary to the independence assumption. (See also [27,
Lemma 2]).
Now, the Refinement applies to F = k(ζ, ξ1/p ). Note that, by multiplicative independence modulo p-th powers, Kummer Theory shows that F/k(ζ) is Galois, abelian
of degree pn . We thus may find infinitely many primes l and extensions w of l to k(ζ)
such that:
1. The prime l splits completely in k(ζ).
2. The image π(Y (k(ζ))) does not intersect the set {x ∈ k(ζ)n : |x − ζ|w < 1}.
3. The Frobenius of w in F/k(ζ) equals a prescribed element of Gal(F/k(ζ)).
1/p

Now, this Frobenius is an automorphism g fixing k(ζ) and such that g(ξi ) =
for some integers hi , where θ is a primitive p-th root of unity; by multiplicative
independence modulo p-th powers, Kummer Theory again shows that all choices of hi
are possible; if ζ = (θc1 , . . . , θcn ) and if ai are integers coprime to p, we choose hi = ai ci .
1/p
θhi ξi ,
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Now, by (i) we have ξl/p ≡ g(ξ1/p)) (mod v), where v is a place of F above w with
bi

(l−1)

Frobenius g, so by our choice we have ξi p ≡ θci (mod v), where bi is any inverse
to ai modulo p. Hence, this congruence holds for the place w of k(ζ) below v. Hence
(ξb11 , . . . , ξbnn )

(l−1)
p

≡ ζ (mod w) so by (ii) we conclude that (ξb11 , . . . , ξbnn )

lie in π(Y (k(ζ))). Also, on choosing bi = b for all i, we get
Hence we may state:

(l−1)
p
(l−1)

(ξb11 , . . . , ξbnn ) p

does not
=ξ

(l−1)
p

.

C OROLLARY 1. Let Y, π be as in Theorem 1 and let ξZ be Zariski-dense in Gnm ,
where ξ = (ξ1 , . . . , ξn ). Then for all large primes p there exist infinitely many primes
l ≡ 1 (mod p) such that, for any integers b1 , . . . , bn coprime to p, (ξb11 , . . . , ξbnn )
does not lie in π(Y (k)).
In particular, for b0 prime to p, the coset of ξZ /ξ(l−1)Z given by {ξb
(mod p)}, is disjoint from π(Y (k)).

(l−1)
p

(l−1)
p

: b ≡ b0

The case h = 1 of Theorem 1 follows (and the general one may be easily derived
from it).
We remark that no other known diophantine method yields such conclusions
except in the special case n = 1 of curves (e.g. with Siegel’s theorem) or under a certain
technical condition (with methods as in [5]). Here is an amusing Example-problem:
Take Y : {y2 = x1 + x2 + 1}, π(x1 , x2 , y) = (x1 , x2 ). Take also Ω = (1 + i, 1 − i)Z where
i2 = −1. I do not know of any method to prove finiteness of solutions (n, y) ∈ Z × k
of y2 = (1 + i)n + (1 − i)n + 1. Theorem 1 yields a whole arithmetical progression of
integers n such that (1 + i)n + (1 − i)n + 1 is not a square in k.
R EMARK 1. We observe that a similar use of Chebotarev Theorem in the context of HIT implicitly appears in [17] and, in the function field context, in [10]. However the present applications differs by much, in that we work with points of arbitrarily
large degree (i.e. the torsion points), using Chebotarev to descend to a fixed number
field.
3. Proof of the toric Bertini Theorem
We now sketch a proof of Theorem 3, postponing to the next section a discussion of the
more delicate Theorem 3. The principle of the proof is now simpler. However, some
care is needed if we want to preserve irreducibility over k̄.
Proof of Theorem 3. Let k be a number field of definition for Y and π, and let us apply,
as we may, Theorem 4 to our cover Y → Gnm , obtaining a finite union E 1 of torsion
cosets as therein. By applying that conclusion to torsion points ζ ∈ θG \ E 1 and recalling that torsion points are Zariski-dense in G, we obtain that if θG 6⊂ E 1 , then π−1 (θG)
is irreducible over kc (for otherwise π−1 (ζ) would be a fortiori reducible over kc for
the Zariski-dense set of torsion points ζ ∈ θG \ E 1 ).

On the Hilbert Irreducibility Theorem

11

The point is now to go from kc to k̄, and for this we consider the cover W :=
n
2
∼ n
Y × Y → G2n
m = Gm × Gm , by the map π2 := π × π of degree d where d := deg π.
2n
Since Y satisfies (PB), the same is true of W , as a cover of Gm . Hence by Theorem
4 applied this time to W, π2 we deduce that there is a finite union E 2 of proper torsion
−1
2n
cosets of G2n
m such that for ζ1 × ζ2 a torsion point in Gm \ E 2 the fiber π2 (ζ1 × ζ2 ) is
c
k -irreducible.
Denote Z := π−1 (θG) and suppose that Z is reducible over k̄. If θG 6⊂ E 1 ,
we have observed that Z is irreducible over kc and then the function field extension
kc (Z)/kc (G) contains a nontrivial finite ‘constant’ extension L/kc . But then Z × Z is
reducible over kc , and in fact each kc -component Z2 satisfies [kc (Z2 ) : kc (G × G)] ≤
[kc (Z) : kc (G)]2 /[L : kc ] = d 2 /[L : kc ].9 Hence the fiber in Z × Z above a torsion point
ζ1 × ζ2 ∈ θG × θG has at least [L : kc ] components irreducible over kc . We conclude
that θG × θG is contained in E 2 .
Thus if π−1 (θG) is reducible, we obtain that either θG ⊂ E 1 or θG × θG ⊂ E 2 .
From this we easily deduce that G is anyway contained in a certain finite union E of
proper connected algebraic subgroups of Gnm , concluding the argument.
R EMARKS 3. (i) The argument is effective, as the Theorem in [8]. (ii) The
cover of G2m given by y2 = 1 + 2x1 + x2 shows that E cannot generally be taken {(1, 1)}.
(iii) The irreducibility of π−1 (cG) for arbitrary c is more delicate and to our knowledge
not yet completely clarified (see [6], §5, for the case n = 2). One may also consider the
intersections Z ∩ cG of a fixed Z ⊂ Gnm with a family of algebraic cosets cG (possibly
only torsion), which is even nearer to Bertini’s context; see the Appendix.
See [30] for a result similar but weaker, in the context of elliptic curves. (See
also the Appendix of [30] for another kind of multiplicative Bertini Theorem, obtained
however with completely different methods).
4. Comments on Theorem 2
A proof of Theorem 2 could be carried out similarly to Theorem 1 (leaving aside the
suitable Kummer theory) if an analogue of Theorem 5 would be available in the abelian
context. This is however not the case at the moment, and in this respect in [30] we
explicitly raised the following:
C ONJECTURE 1. Let A/k be an abelian variety, T be its set of torsion points.
Let Y be an irreducible variety and π : Y → A be a dominant rational map of finite
degree. Suppose that π(Y (k(T ))) ∩ T is Zariski-dense in A. Then there exist an abelian
variety B, an isogeny ρ : B → A and a birational map ψ : Y → B such that π = ρ ◦ ψ.
To prove Theorem 2 without this tool leads to several additional obstacles. In a
related context (when [8] was not yet available) some difficulties appeared in the paper
9 Note that we cannot directly work over L, which a priori might depend on G. See the next theorem for
an alternative argument, showing that L may be in fact supposed to be fixed.
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[27], concerned with the so-called Pisot d-th root conjecture for recurrences, which
boils down to a consequence of Theorem 1 (see also Example 5 above). In practice,
that paper used an alternative approach to step (A) in the case of Gnm .
Now, it happens that this principle can be carried out in general, also to the
present context of abelian varieties rather than multiplicative tori, in spite of the alluded
substantial difficulties.10 Here we only give a very brief sketch of some of the main
points, and again refer to [30] for details.
To simplify as far as possible the situation, let us limit ourselves to the case
h = n = 1. We stress that this restriction is not a mild one, but on the contrary is highly
relevant: in fact, the extension both to h > 1 and to n > 1 contains several other delicate
points, which require new devices. But such special case illustrates in a much clearer
way at least one of the main principles and so seems appropriate here.
In this manner of carrying out step (A), the crux lies in constructing torsion
points ζ on E which do not lift to Y (k(ζ)), and to achieve this by means of congruences,
more precisely using the Lang-Weil estimates for points on curves over finite fields. We
recall this result in the following form (see also [20, p. 184], or [21, p. 30]): Let Z/k be
an absolutely irreducible variety of dimension n. For a prime p, let v|p be a place of k
with residue field contained in the finite field Fq . Then, as p → ∞, the number |Zv (Fq )|
1
of points of the reduction Zv of Z satisfies |Zv (Fq )| = qn + O(qn− 2 ).
Let us now go back to our setting of a map π : Y → E, and let Yb be a component
of the Galois closure over k, assuming it to be irreducible over k̄. As in a method
introduced by Eichler, Fried and by S.D. Cohen (who applied it to HIT), the Lang-Weil
statement, applied first to Z = Y and then to Z = Yb , allows to show that the image
π(Y (Fq )) has < cqn + o(qn ) elements, for a c < 1, actually c ≤ 1 − (1/d!). See [20, pp.
184/185], or [21, Thm. 3.6.2], for details of this deduction.11
With this in hand, let us choose p as a large prime splitting completely in k, and
Fq = F p . By what has just been said, there are points in E(F p ) (actually ≫ p points)
which do not lift to points in Y (F p ). Pick one such point ξ and let ζ be a torsion point on
E(Q) with reduction ξ modulo some place v above p. (This can be done provided ξ has
order prime to p; in turn, this can be easily ensured, for instance choosing p splitting in
the field of 2-torsion points of E.) Now, if ζ would lift to a point y ∈ Y (k(ζ)), ξ would
lift to the reduction of y modulo the place v, which (as expected) would lie in Y (F p ),
as is easy to see; so we have a contradiction.
At this point the method continues with part (B), using the theorem of Chebotarev in a manner similar to the proof of the Corollary to Theorem 1. Here some
elliptic Kummer Theory has to be invoked to replace the easier multiplicative case
(which goes back essentially to Gauss). The tools come from Serre’s difficult theorems
[23], as explained e.g. in [14]. Suitable analogues of these results on the Galois action
10 This method independently of [8], leads to obstacles already for the case of tori, and also to further ones
special of the abelian context.
11 This method does not alone work simultaneously for several covers π : Y → E, because the sum
i
i
∑i |πi (Yi (Fq ))| may well exceed |E(Fq )|, even if this does not happen individually. A way to overcome
this may be to choose several primes, one for each cover; in our context however this does not work for the
rest of the proof. A suitable method can be found in [30].
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of torsion points are at the moment unknown in full generality, and this is the main
obstacle for a complete extension of the method.
Actually, in the present simplification we have not mentioned other issues. For
instance, for the Chebotarev Theorem to be applied as before, we would need not
merely a torsion point ζ which does not lift to Y (k(ζ)); what we would need is the
stronger property that any point in the fiber π−1 (ζ) has the ‘correct’ degree deg π over
k(ζ), i.e., that the fiber consists of a single set of conjugate points over k(ζ). Such a
stronger property may be reduced to the weaker ‘non-lifting’ property with a purely
algebraic (standard) method; however this involves simultaneously several varieties, so
we fall anyway back to the case h > 1, which needs additional delicate considerations.
(See especially the last footnote.) We refer to [30] for the details, as any discussion
here would take us too far.
Also, another point which may puzzle the reader is that in the above sketch
we have not used the irreducibility assumption on the pull-backs of Y . Actually, this
appears in the use of Kummer Theory; at that stage, we need that all the primes dividing
the order of the torsion point ζ are sufficiently large. To achieve this, the trick is to
multiply the points by a large integer B > 0, so to kill a ‘part’ of ζ of small order. Well,
this multiplication replaces the cover with a pull-back of it, and now we really need the
said assumption.
Still further points concern dimension: on pulling-back the covers, the LangWeil Theorem is not sufficiently explicit and the corresponding Weil result works
only for curves. To overcome this, we can either use the Bombieri’s quantification
of Deligne’s Riemann-Hypothesis over finite fields (as mentioned in [30]), or reduce
to curves by ‘cutting’ with appropriate algebraic subgroups. (This is the method used
in [30], which on the one hand requires proving irreducibility of the said intersections
and on the other hand adapts only to products of elliptic curves.) However we do not
insist here anymore on these technical points, hoping that the overview we have given
has succeeded to describe the methods at least to some small amount.
As to arbitrary finitely generated groups, this seems not to be completely straightforward, but can be dealt with by these methods. Anyway this does introduce any new
arithmetical principle, hence we completely disregard this matter here.
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